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Preface

The field of photonic crystals (aka periodic photonic structures) is experiencing an
unprecedented growth due to the dramatic ways in which such structures can control,
modify, and harvest the flow of light.

The idea of writing this book came to M. Skorobogatiy when he was developing
an introductory course on photonic crystals at the Ecole Polytechnique de Montréal/
University of Montréal. The field of photonic crystals, being heavily dependent on
numerical simulations, is somewhat challenging to introduce without sacrificing the
qualitative understanding of the underlying physics. On the other hand, exactly solvable
models, where the relation between physics and quantitative results is most transpar-
ent, only exist for photonic crystals of trivial geometries. The challenge, therefore, was
to develop a presentational approach that would maximally use intuitive analytical and
semi-analytical models, while applying them to complex and practically relevant pho-
tonic crystal structures.

We would like to note that the main purpose of this book is not to present the latest
advancements in the field of photonic crystals, but rather to give a systematic, logical, and
pedagogical introduction to this vibrant field. The text is largely aimed at students and
researchers who want to acquire a rigorous, while intuitive, mathematical introduction
into the subject of guided modes in photonic crystals and photonic crystal waveguides.
The text, therefore, favors analysis of analytically or semi-analytically solvable problems
over pure numerical modeling. We believe that this is a more didactical approach when
trying to introduce a novice into a new field. To further stimulate understanding of the
book content, we suggest many exercise problems of physical relevance that can be
solved analytically.

In the course of the book we extensively use the analogy between the Hamiltonian for-
mulation of Maxwell’s equations and the Hamiltonian formulation of quantum mechan-
ics. We present both frequency and propagation-constant based Hamiltonian formula-
tions of Maxwell’s equations. The latter is particularly useful for analyzing photonic
crystal-based linear and nonlinear waveguides and fibers. This approach allows us to
use a well-developed machinery of quantum mechanical semi-analytical methods, such
as perturbation theory, asymptotic analysis, and group theory, to investigate many of
the limiting properties of photonic crystals, which are otherwise difficult to investigate
based only on numerical simulations.

M. Skorobogatiy has contributed Chapters 2, 3, 4, 5, and 6 of this book, and J. Yang
has contributed Chapter 8. Chapters 1 and 7 were co-authored by both authors.
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Introduction

When thinking about traditional optical materials one invokes a notion of homogeneous
media, where imperfections or variations in the material properties are minimal on the
length scale of the wavelength of light A (Fig. 1.1 (a)). Although built from discrete scat-
terers, such as atoms, material domains, etc., the optical response of discrete materials
is typically “homogenized” or “averaged out” as long as scatterer sizes are significantly
smaller than the wavelength of propagating light. Optical properties of such homoge-
neous isotropic materials can be simply characterized by the complex dielectric constant
¢. Electromagnetic radiation of frequency w in such a medium propagates in the form
of plane waves E, H ~ e/ with the vectors of electric field E(r, t), magnetic field
H(r, t), and a wave vector k forming an orthogonal triplet. In such materials, the disper-
sion relation connecting wave vector and frequency is given by sw? = c?k?, where ¢ is
the speed of light. In the case of a complex-valued dielectric constant ¢, one typically
considers frequency to be purely real, while allowing the wave vector to be complex. In
this case, the complex dielectric constant defines an electromagnetic wave decaying in
space, |E|, |H| ~ e~'"™&)T thus accounting for various radiation loss mechanisms, such
as material absorption, radiation scattering, etc.

Another common scattering regime is a regime of geometrical optics. In this case,
radiation is incoherently scattered by the structural features with sizes considerably larger
than the wavelength of light & (Fig. 1.1 (b)). Light scattering in the regime of geometrical
optics can be quantified by the method of ray tracing. There, the rays are propagating
through the piecewise homogeneous media, while experiencing partial reflections on the
structure interfaces. At any spatial point, the net light intensity is computed by incoherent
addition of the individual ray intensities.

The regime of operation of photonic crystals (PhC) falls in between the two limiting
cases presented above. This is because a typical feature size in a photonic crystal structure
is comparable to the wavelength of propagating light A (Fig. 1.1(c)). Moreover, when
scatterers are positioned in a periodic array (hence the name photonic crystals), coherent
addition of scattered fields is possible, thus leading to an unprecedented flexibility in
changing the dispersion relation and density distribution of electromagnetic states.

Originally, photonic crystals were introduced in the context of controlling sponta-
neous emission of atoms. [1,2] It was then immediately suggested that in many respects
the behavior of light in periodic dielectrics is similar to the behavior of electrons
in the periodic potential of a solid-state crystal, [3,4] and, therefore, one can manipulate
the flow of light in photonic crystal circuits in a similar manner as one can manipulate
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Figure 1.1 Scattering regimes. (a) Homogeneous media, averaging over individual scatterers.
(b) Incoherent scattering in geometrical optics. (c) Coherent scattering from the structure with
characteristic feature size comparable to the wavelength of light.

the flow of electrons in solid-state circuits. Since then, photonic crystals became a very
dynamic research field, with many novel applications and fabrication methods discov-
ered regularly. The existing body of work on photonic crystals is so vast that to do proper
justice to all the great ideas is impossible in the context of a short review chapter. For
a comprehensive introduction, we therefore refer the reader to several recent review
articles and references thereof, which we summarize briefly in the remainder of this
section.

Fabrication of photonic crystals

It is interesting to note that photonic crystals, despite their structural complexity, have
many analogs in nature. Biologically occurring photonic crystals are discussed, for exam-
ple, in [5] where the authors present an overview of natural photonic crystals and discuss
their characteristic geometries, sizes, material composition, and bandgap structure. The
authors conclude that a low-refractive-index contrast is a universal feature of biologi-
cal photonic crystals, compared with artificial ones. Natural photonic crystals are also
encountered in nonorganic compounds, such as opals.

Recently, artificial opals fabricated by self-assembly of colloidal particles became a
popular research topic, mostly owing to the relatively simple and cost-effective method-
ology of producing large samples of periodic photonic structures. In [6,7], the authors
survey some of the techniques used for promoting self-organization of the colloidal
spheres into 2D and 3D ordered lattices, highlighting applications of these artificial
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crystals as photonic bandgap reflectors, as physical masks in lithographic patterning,
and as diffractive elements for optical sensors. Furthermore, by infiltration of the artifi-
cial opals with high-refractive-index materials, and after removal of the original spheres,
one can create “true” 3D photonic crystals with complete photonic bandgaps in all direc-
tions. Although the self-assembly approach is simple and cost effective, random lattice
defects, such as dislocations and missing particles, limit the maximal size of a defect-free
photonic crystal. Moreover, the lattice symmetries resulting from colloidal assembly are
limited.

An alternative “mass production” technique developed for fabrication of the uniform
2D and 3D photonic crystals is a multi-beam interference lithography, also known as
holographic lithography. In this technique, the periodic intensity pattern caused by several
interfering beams is transferred to a photosensitive polymer substrate through a single
exposure. In [8,9], the authors review the relationship between beam geometry and the
symmetry of the interference patterns, the lithographic process, and various types of
photoresist systems.

Just like the introduction of dopants into semiconductor crystals, to provide advanced
functionalities to photonic crystals one has to introduce controlled defects into the pho-
tonic crystal’s otherwise perfectly periodic lattice. While self-assembly of colloidal
crystals and holography provides an efficient way of fabricating large-scale 2D and
3D photonic crystals, these methods have to be supplemented with other methods for
defect incorporation. In [10] the authors cover recent advances in the fabrication of
defects within photonic crystal lattices, including, among others, micromanipulation,
direct writing, and multistep procedures involving the combination of 3D PhC fabrica-
tion methods and some types of 2D lithography. In particular, the micromanipulation
approach uses nanopositioner robots and proceeds through serial assembly of nanoscale
building blocks. Although this method has the potential of building nearly arbitrary 3D
structures it suffers from the serial nature of the nanomanipulation process. Another
methodology is the direct writing of photonic crystals in photosensitive materials. This
method is interesting as it is relatively fast, easily parallelizable, and it treats on an equal
footing the writing of periodic structures and the incorporation of nonperiodic defects.
One of the implementations of a direct writing method is based on two-photon polymer-
ization (TPP). This utilizes a nonlinear multiphoton excitation process to polymerize
a photosensitive monomer in a very small volume (potentially subwavelength) around
the focal point. This technique has been successfully tested in writing embedded fea-
tures within holographic and self-assembled photonic crystals. Finally, several multistep
methodologies have been developed for the incorporation of point, linear, and planar
defects within self-assembled photonic crystals. These approaches generally involve
three steps. The first step consists of growing a self-assembled colloidal crystal with
flat surface termination. The second step involves deposition of an intermediate layer,
followed by some kind of 2D lithographic patterning of the layer. Finally, self-assembly
growth of the overlaying part of a photonic crystal concludes the process.

To date, probably the most studied process for photonic crystal device fabrication is
based on 2D patterning of planar dielectric slabs using electron beam lithography. State-
of-the-art lithography in combination with electrochemical or reactive-ion etching allows
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fabrication of low-imperfection 2D photonic crystals in various high-refractive-index
material combinations, including silicon-air and 111-V semiconductors. [10,11,12] The
introduction of defects into these structures is carried out at the same time and on the
same footing as periodic structure formation, resulting in excellent alignment between
the defects and the surrounding lattice. By removing a single feature (a cylinder, for
example) or a line of features from the perfectly periodic lattice, resonators (point
defects) or waveguides (linear defects) can be introduced. Finally, the generalization
of planar lithographical techniques to create 3D photonic crystals using multistep pro-
cesses, such as wafer fusion and layer-by-layer photolithography, was recently reviewed
in [10,13].

Despite their great potential, most photonic crystal-based devises are still in the
research phase. Some of the few existing commercial applications of photonic crys-
tals beyond 1D planar interference filters include glass and polymer based photonic
crystal fibers (PCF). [14,15,16] Similar to conventional optical fibers, PCFs are slen-
der cylinders with sizes ranging from below 100 um to over 1 mm in diameter. In its
cross-section, as the name suggests, the PCF features a 2D periodic pattern of holes
or a 1D periodic pattern of concentric layers, as well as a localized defect serving as a
fiber core. Lengthwise, PCFs can be of several meters to several kilometers. Photonic
crystal fiber fabrication differs greatly from that of conventional photonic crystals as it
typically proceeds through heating and elongation of a macroscale fiber preform. As a
result, PCF fabrication is ideally suited for mass production, resulting in kilometers of
high-quality, uniform fiber per single preform. Commercial applications of PCFs, among
others, include supercontinuum generation for spectroscopic applications, [17,18] and
photonic crystal fibers for radiation guidance in hollow, gas-filled, and subwavelength
porous cores [19,20,21,22,23,24] thus enabling low-loss, low-nonlinearity, high-power
delivery anywhere in the visible, IR, and even THZ spectral ranges.

Application of photonic crystals

In this section, we review some of the unique properties of photonic crystals that make
them desirable for various light managing applications. As in the case of the overview of
fabrication techniques presented earlier, we refer the reader to the recent review papers
[5,6,7,8,9,10,11,12,13,14] for amore thorough introduction to possible PhC applications.

Photonic crystals as low-loss mirrors: photonic bandgap effects

The majority of applications of photonic crystals utilize the phenomenon of photonic
bandgap (PBG). Photonic bandgap is defined as a frequency region characterized by zero
density of the electromagnetic states. For the frequencies within PBG, the propagation
of electromagnetic waves inside of a photonic crystal is, therefore, suppressed. The
existence of PBGs opens the road to the design of efficient low-loss dielectric reflectors
that can confine radiation in channels (waveguides) or localized defects (resonators) with
sizes comparable to the wavelength of light.
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In general, confining light presents a difficult task, as electromagnetic radiation prop-
agates unimpeded in free space. Therefore, confining light is fundamentally different
from confining direct electric currents for which free space acts as an isolator. Consider,
for example, optical fiber, which is the optical analog of electric wire. Light in an optical
fiber is confined inside the optically dense core, like the electric current, which is con-
fined inside a wire core of low ohmic resistance. When optical fiber is bent, substantial
radiation leakage from the fiber core into the fiber cladding is observed, as escaping
radiation propagates freely through the cladding region. A similar effect is not observed
in bent metallic wires, as free space surrounding the wire acts as an efficient current
isolator.

To date, the most studied natural materials known to expel and reflect electromag-
netic waves efficiently are metals. In the microwave regime, A ~ 1 ¢cm, most metals
exhibit high reflectivity and low absorption loss per single reflection, which makes them
ideal candidates for confining and managing electromagnetic radiation. For example,
aluminium, which is one of the least expensive materials used to make mirrors, exhibits
almost perfect reflectivity in the microwave region with ~0.01% absorption-induced
loss per single reflection. However, in the visible, A ~ 400 nm-800 nm, and infrared
(IR), A ~ 800 nm-20 pm, the same material exhibits ~10-20% loss per reflection, thus,
considerably limiting its utility for managing light in these spectral regions.

Before the invention of all-dielectric photonic crystals, building compact light circuits
in the IR spectral region was problematic because of the lack of low-loss, highly reflect-
ing materials. As most dielectric materials in the IR have considerably lower losses than
metals, all-dielectric photonic crystals have a potential to considerably outperform metal
reflectors in terms of losses. Together with the ability of designing spectral position of the
photonic bandgaps by means of varying the geometry, photonic crystals offer unprece-
dented flexibility in realizing low-loss, highly reflective medium for the applications of
light guiding almost anywhere in the visible and IR regions.

Although interpretation of photonic crystals as efficient reflectors was known from
their discovery, it was later established that this analogy can be advanced further, and the
concept of omnidirectional reflectivity was suggested. By definition, omnidirectional
reflectors exhibit almost perfect reflection in the vicinity of a designable wavelength
for all angles of incidence and all polarizations (Fig. 1.2 (a)). Although much prior
work has been done on dielectric multilayers, design criteria for the omnidirectional 1D
periodic multilayer reflectors were first presented in [25]. This idea was later extended to
waveguides, where the core can be of any material including lossless vacuum, while light
is confined in the core by an omnidirectional reflector in the planar (Fig. 1.2 (¢)) [26,27]
or cylindrical geometry (Bragg fiber in Fig. 1.2 (d)). [19,20] Quasi-1D PhC reflectors
in the form of a transverse concentric Bragg stack led to implementation of hollow
waveguides, where most of the transmitted power is concentrated in the gas-filled hollow
core, thus reducing propagation losses and nonlinearities. This enabled high-power laser
guidance at various wavelengths in the mid-IR. [21]

It was later demonstrated theoretically [28] that, although helpful, omnidirectional
reflectivity is not necessary for opening sizable bandgaps as well as for enabling effi-
cient guidance of all polarizations in low refractive index cores. This was also verified
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Figure 1.2 Photonic crystal waveguides and fibers guiding in the lower refractive index cores.

(a) Omnidirectional reflectors. For any polarization and angle of incidence of the incoming
light, radiation is completely reflected in a certain frequency window, also known as a bandgap.
(b) Light can be trapped inside a hollow core when completely surrounded by a photonic crystal
reflector. (c, d, e) Practical implementations of the hollow core waveguides in the form of an
integrated 1D-periodic waveguide (c), Bragg fiber featuring concentric quasi-1D periodic
reflector (d), and photonic bandgap fiber featuring 2D photonic crystal reflector (e). (f) Optically
induced reconfigurable photonic lattice with a single site defect inside of a photorefractive
crystal.

experimentally in various low index contrast photonic crystal and Bragg fibers. [29,30,31]
This is related to the fact that modal propagation inside a photonic crystal waveguide,
especially one having a large core diameter, can be described as a sequence of consec-
utive bounces of the trapped radiation at the core-reflector interface (Fig. 1.2 (b)). The
angle of incidence of such radiation onto a reflector can be typically characterized by the
effective modal propagation angle. Therefore, to enable guidance in the low refractive
index core, it is only necessary to design a photonic crystal reflector that is efficient
for a particular modal propagation angle. Finally, we note that an alternative way of
confining radiation in the low refractive index core is by using 2D photonic crystal
reflectors made of a periodic array of air holes embedded into the fiber cladding material
(Fig. 1.2 (e)). [22,23] Such fibers are typically referred to as photonic bandgap fibers
and are made of silica glass. Although periodic cladding in such fibers exhibits rela-
tively high index contrast, the corresponding photonic crystal reflectors are, however,
not omnidirectional.

Another PCF-like system with even weaker refractive-index contrasts is a photore-
fractive crystal imprinted with an optically induced photonic lattice (Fig. 1.2 (f)). The
photonic lattice in such a system can be created by interference of several plane waves,
[32] while localized defects in a photonic lattice can be created using amplitude masks.
[33] Owing to the crystal’s photosensitivity, the externally induced photonic lattice cre-
ates a periodic refractive-index variation on the order of 10~2 inside the crystal. Even
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for such a small index contrast, linear bandgap guidance in the low-refractive-index
core is possible. [33] The significant advantage of optically induced photonic lattices
is that the experimental configuration of the photonic lattice is dynamically adjustable,
thus allowing real-time control of the lattice spacing and amount of index variation.
Therefore, it provides a convenient test bed for the study of bandgap guidance in the
weak index-contrast systems. Another useful property of these photonic lattices is that
nonlinear effects of light appear at very low intensities (on the order of 1 mWcm?). In
addition, the nonlinearity can change from focusing to defocusing by simply reversing
the DC electric field applied to a crystal. The nonlinearity gives rise to stationary soli-
tons propagating along the direction of lattice uniformity. These solitons, when launched
along a nonnormal direction, can also navigate through the lattice with little energy loss,
and can, in principle, enable light-routing applications in lattice networks. [34,35]

Up till now we have described the use of photonic crystal reflectors to confine light
inside low-refractive-index core waveguides and fibers (Figs. 1.2 (c),(d),(e)), where radi-
ation guidance is along the waveguide axis. A related application of photonic crystal
waveguides is their use as interconnect elements in integrated optical circuitry. In princi-
ple, by bending the waveguide, one can steer radiation away from its original propagation
direction. However, when decreasing the bending radius, radiation leakage from such
waveguides increases dramatically. Enhanced radiation leakage occurs because by bend-
ing a waveguide, one also perturbs the geometry and, hence, the reflection properties of
a photonic crystal reflector, rendering it ineffective when the perturbation is strong. If
the photonic crystal waveguides are to be used in integrated optical circuits it is, there-
fore, necessary to implement compact light steering elements such as bends, T and Y
junctions, etc., with as low radiation loss as possible (Fig. 1.3 (a)). In [36] the authors
proposed that such light-steering elements can be introduced as defects in otherwise
perfectly periodic 2D photonic crystals featuring omnidirectional bandgaps (for at least
one of the light polarizations). As there is no physical bending present in such systems,
the omnidirectional reflector structure remains unperturbed and, thus, suppresses any
radiation that is not propagating along the direction of a defect (Fig. 1.3 (b)). As a result,
all the radiation coming into the steering element can be either propagated along or
reflected back with no radiation loss into the cladding.

Moreover, by introduction of a topology-optimized resonator into the structure of a
steering element one can design narrow [37] and wide bandwidth [38] steering elements
exhibiting almost perfect transmission (Fig. 1.3 (c)), no crosstalk and no back reflection.
As sizes of the individual features in photonic crystals are comparable to the wave-
length of guided light, the above-mentioned approach allows design of compact steering
elements with sizes on the order of the light wavelength.

Another prominent application of photonic crystals is their use as confining media for
the photonic microcavities. Microcavities are essential components for various integrated
optical devices, such as wavelength filters, add—drop multiplexers, and lasers. When a
uniform dielectric region is surrounded by a photonic crystal reflector featuring omni-
directional reflectivity (complete bandgap), such a structure can serve as a high-quality
resonator able to trap and store light. When looking at the density of electromagnetic
states of a photonic crystal featuring a point defect (resonator), a localized resonator state
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Figure 1.3 Compact light-steering elements based on photonic crystals for integrated optical
circuits. (a) Various types of light steering elements such as bends, waveguide intersections, Y
and T junctions. (b) Light launched into a steering element (a waveguide bend in this figure)
surrounded by an omnidirectional photonic crystal reflector can only propagate along the
direction of a defect. Radiation propagation outward from the defect is suppressed by the
reflector bandgap. In the unoptimized defect structure, back reflection can be substantial. (c) By
introduction of a topology-optimized resonator into the defect structure one can obtain narrow
and wide bandwidth steering elements exhibiting almost perfect transmission and no crosstalk
(for waveguide intersections).

manifests itself as a delta function positioned inside the photonic bandgap of a surround-
ing photonic crystal [4]. Various geometries of the microcavities have been explored over
the years with the goal of increasing the quality factor of a cavity, while reducing the
microcavity volume. Two main cavity geometries can be distinguished as those based on
concentric Bragg reflectors [39] (Fig. 1.4 (2)), and those based on localized defects in
slab photonic crystals [40,41] (Fig. 1.4 (b)) (here we omit discussion of ring resonators,
which do not operate using bandgap effects).

Microcavities of both types can be used as laser cavities if a gain media is placed
inside, leading to a possibility of compact lasers with designable direction of emission
that can be easily integrated with other planar PhC components. [39,42,43] When the
cavity is filled with a nonlinear material all-optical devices become possible where light
routing and information transmission is enabled by the same beam. [44]

To excite a microcavity one typically uses the mode of a bus waveguide weakly coupled
to a cavity state. When the microcavity is used for filtering, a mix of several wavelengths
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Figure 1.4 Schematics of various PhC components and devices. (a) Microcavity in a circular
Bragg reflector geometry. (b) Microcavity as a point defect in a photonic crystal lattice.

(c) Optical narrow band rejection filter comprising a bus waveguide and a microcavity. (d) All
optical add—drop multiplexer comprising two bus waveguides, one drop resonator and one add
resonator. (e) Coupled resonator optical waveguide for slow light applications. (f) Bloch-mode
laser comprising a planar waveguide made of a gain media and covering a 2D PhC. The periodic
structure of the PhC provides feedback for lasing.

is launched into a bus waveguide; a wavelength resonant with that of a cavity state
(drop wavelength) is then reflected back into the input arm of a filter (wavelength 2, in
Fig. 1.4 (c)), while the rest of the wavelengths are passed through. Optical coupling of the
cavity to free space (vertical radiation loss) can also be used to partially extract the drop
wavelength into the out-of-plane direction. [45] A complete add—drop multiplexer can
be designed using two bus waveguides and a sequence of resonators of certain symmetry.
[46] In such a multiplexer (Fig. 1.4 (d)), a mix of wavelengths is launched into the input
arm of a device; a specific wavelength (1, in Fig. 1.4 (d)) can then be dropped into the
lower right arm of the device with the aid of a first resonator without any back reflection
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into the input or add arms of the device. A second resonator can then be used to add a
different wavelength (14 in Fig. 1.4 (d)) into the output arm of the device, again without
any back reflection into the input or add arms of the device.

Finally, when placing several microcavities in a row (Fig. 1.4 (e)), and assuming weak
interaction between individual cavities, one can realize a so-called coupled resonator
optical waveguide (CROW). [47,48] The CROW guides light from one end of the chain
to the other by photon tunneling between adjacent resonators; therefore, in the limit
of weak coupling one expects considerable slowing down of the modes propagating in
such waveguides. Coupling of the individual resonator modes creates flat bands within
the photonic gap of a surrounding photonic crystal, each of them centered on a mode
of the isolated microcavity. Varying the number of rows between resonators, one can
adjust the coupling strength, and, as a consequence, the group velocity of guided modes.
Potential applications of slow light in CROW structures include compact optical delay
lines, optical memory, and devices based on enhanced nonlinear interactions.

Photonic crystals for out-of-bandgap operation

Another way of using PhCs is in the frequency regime outside of the photonic bandgap.
In this case transmission through the bulk of a crystal is allowed, however, owing
to coherent reflection from the periodic structure of a crystal, propagation of radia-
tion will be considerably modified from the propagation in a uniform dielectric mate-
rial. For example, for the frequencies right below or above the bandgap edge the
group velocity of propagating light is typically greatly reduced. This, in turn, leads
to a substantial increase in the propagation time through the PhC device enhancing
material-radiation interaction, which is of prime interest for lasing, nonlinear, and sensor
applications.

Lasers that use PhC lattices as a whole and do not require microcavities are known as
Bloch mode lasers or band-edge lasers (Fig. 1.4 (f)). Such structures use the radiative
losses of modes to extract light from the active region. Lasing typically occurs for slow
Bloch modes characterized by wavevectors in the vicinity of the high symmetry points
of a first Brillouin zone, where light strongly interacts with the active medium. [49,50]
In their spirit, Bloch mode lasers can be considered as 2D analog of the widespread
distributed feedback lasers.

Finally, PhCs, being geometrically anisotropic, can also possess highly anisotropic
dispersion. This property enables such PhC applications as superprisms and supercolli-
mators. Particularly, PhCs can be designed so that the direction of radiation propagation
through such a device is highly sensitive to the frequency and initial launch direc-
tion. It is then possible to design superprisms [51,52] — devices that exhibit very large
refraction, such that a mix of wavelengths traveling in a single direction is split into sev-
eral monochromatic waves propagating at considerably different angles. Using highly
anisotropic energy flow of Bloch waves, one can also design such devices as supercol-
limators, [53,54] in which a beam of light self-collimates and does not spread when
propagating through a photonic crystal.
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Hamiltonian formulation of Maxwell’s
equations (frequency consideration)

Electromagnetic phenomena are governed by Maxwell’s equations. The topic of propa-
gation of electromagnetic fields in general dielectric media is vast. We will only concern
ourselves with periodic or otherwise symmetric dielectric structures. A description of
a radiation state of a system can be found by solving Maxwell’s equations and satisfy-
ing appropriate boundary conditions. It is generally true that if additional symmetries
are present in a system there are conserved physical quantities that can be identified to
describe the general behavior of such a system. Frequently, such conserved quantities can
be used to label a particular radiation state unambiguously. We start by considering how
the symmetries of a dielectric media in time and in space define the general properties
of solutions. Our immediate goal is to characterize the behavior of radiation propagation
in photonic crystals without the need of numerical solutions. In all the derivations we
use cgs units and let the speed of light c = 1.
In the absence of free charges and currents, Maxwell’s equations are:

0B
VxE+— =0, 2.1
X +at (2.1)

D
V><H—8—=O, (2.2)

ot
V.-B=0, (2.3)
V.D=0, (2.49)

where, respectively, E(r, t) and H(r, t) are the microscopic electric and magnetic fields
and D(r, t), B(r, t) are the displacement and magnetic induction fields. Constitutive
relations are taken as:

D = ¢(r)E,

B=H, (2.5)

thus, assuming isotropic dielectric constant £(r), no nonlinearity and nonmagnetic mate-
rials, u = 1. Substituting (2.5) into (2.1-2.4) we arrive at:

oH
VxE+— =0, (2.6)

ot

oE
VxH-e— =0, 2.7)

ot
V-H=0, (2.8)
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In general, electromagnetic fields are complicated functions of time and space. How-
ever, because of the linearity of Maxwell’s equations and the theorems of Fourier analysis
we can represent any solution of such equations in terms of a linear combination of har-
monic modes in time, which by themselves are solutions of (2.6-2.9). In the following,
we will concern ourselves only with harmonic solutions of Maxwell’s equations in the
form:

E(r,t) = E(r) exp(—iwt),
H(r, t) = H(r) exp(—iwt); (2.10)

also called harmonic modes. The complex-valued fields in (2.10) are introduced for
mathematical convenience and one has to take real parts to obtain physical fields. Note
that the introduction of a conserved quantity w through (2.10) is only possible when
the dielectric profile e(r) is time independent and that Maxwell’s equations are invariant
under the transformation t =t" + ty for any ty. Here, for the first time, we encounter
the manifestation of a general principle stating that symmetries of a system lead to
conserved quantities that can be used to label solutions (modes). Substitution of (2.10)
into (2.6-2.9) gives:

H=——VxE, (2.11)
[
E= gV (2.12)
V.H=0, (2.13)
V - &(r)E = 0. (2.14)

To proceed with the solution of (2.11-2.14) we reduce the number of vector variables
by either substituting (2.11) into (2.12) or vice versa, arriving at two alternative sets of
equations:

1
2 T
a)E_g(r)Vx(VxE), (2.15)
V.e(nE =0, (2.16)
1
w’H =V x (mv X H) , (2.17)
V.H=0. (2.18)

By solving for either electric (2.15, 2.16) or magnetic (2.17, 2.18) fields and finding
the other field through (2.11) or (2.12), we can find the distribution of electromagnetic
fields for any dielectric profile e(r). We will demonstrate later that, numerically, a set of
equations (2.17, 2.18) (sometimes also called master equations) is easier to solve than
(2.15, 2.16). Equation (2.17) presents a Hermitian eigenvalue problem with many useful
orthogonality properties. Thus, in the following, we concentrate on the properties of
(2.17, 2.18).
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2.1

Hamiltonian formulation (frequency consideration)

Plane-wave solution for uniform dielectrics

If a dielectric is uniform (and possibly complex) e(r) = ¢ then (2.17), (2.18) have a
simple solution. The propagating electromagnetic wave is presented by an orthogonal
vector triplet (Eo, Ho, K) where the solution of Maxwell’s equations is:

H(r,t) = Hpexp(ik - r — iwt),

E(r,t) = Egexp(ik - r — iwt),
1

Eo = —(Ho x K),
we

(k - Ho) = 0, (2.19)

where the transversality condition (2.18) is enforced in the form (k - Hg) = 0. Frequency
is connected to the propagation vector k by a dispersion relation:

w?e —k* =0. (2.20)

Thus, in the case of a uniform dielectric, a fixed real frequency » and a set of three
conserved numbers k = (ky, ky, k;) satisfying (2.20) define unambiguously a solution
of Maxwell’s equations in the form of plane waves. Note that the introduction of a
conserved quantity Kk in (2.19) is only possible when the dielectric profile &(r) is uniform
and Maxwell’s equations are invariant under the transformation r = r’ + r for any vector
Io.

It is important to understand the constraints imposed by a dispersion relation w(k)
like (2.20). As we will see later, many physical processes are governed by the density of
radiation states D(w) in the physical volume V at a particular frequency w. If the number
of radiation states between w and w + dw is defined as N (w, @ + dw), then:

N(w, w 4+ dw) = D(w)dw = ZL3 / dk. (2.21)
(2m)
w<wo(K)<w+do

In the case of a dispersion relation (2.20) at frequency w, all wave vectors are con-
fined to a 3D sphere of radius |K| = w./s with D(w) = w?e%?V /2. Another important
quantity characterizing the electromagnetic state and intimately related to the dispersion
relation is a group velocity, which, in photonic crystals, is also equivalent to the energy

velocity. Group velocity is defined as:
(k)

Vg = (2.22)

and in free space vg = 1/./¢ in units of c.

Another way of visualizing (2.20) is by means of a so-called band diagram. A band
diagram is a 2D plot where the frequencies of all electromagnetic states allowed by the
dispersion relation w(k) are plotted either along a chosen curve or a direction in a k
space. For example, assume a lossless dielectric with purely real ¢. Let us arbitrarily
choose a preferred direction, as shown in Fig. 2.1(a). Denote the projection of a wave
vector k along such a direction as 8 (frequently referred to as the propagation constant),
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Figure 2.1 () Definition of a propagation constant g and a transverse wave vector k;. (b) Band
diagram of electromagnetic states in an infinite dielectric. States above the light line are the
delocalized plane waves with finite fields everywhere. States below the dielectric light line
exhibit exponential divergence of their fields, and are known as evanescent states. The band
diagram is symmetric with respect to the change 8 — —8.

and in a transverse direction as k;. We now find all the physically allowed radiation states
(B, w). In the following, we only consider Re(B8) > 0, as the dispersion relation (2.20)
is an even function of a propagation vector w(k) = w(—k). From the dispersion relation
(2.20), it follows that k? = w?e — B2. For purely real 0 < B < w./e, also known as a
region of w’s above the light line, all the components of the transverse vectors are real
and can be expressed as:

ke = (K, Ky, 0) = |/ |w2e — B2|(cos(6), sin(9), 0), 6 € (0, 277). (2.23)

Such vectors form a circle in the xy plane and define plane waves delocalized in all three
directions and propagating along k with a group velocity 1/,/¢. Thus, for a given o,
every point on a (8, w) diagram (Fig. 2.1(b)), such that 0 < 8 < w./e corresponds
to a delocalized degenerate state (degeneracy with respect to direction of a transverse
vector).

For B > w?e, however, both components of k; are complex as:

ki = (ky. ky, 0) = i,/|w?e — B2|(cos(6), sin(8), 0), 6 € (0, 2r). (2.24)

Note, that plane wave (2.19) with complex propagation wave vector (2.24) is still a
mathematical solution of Maxwell’s equations. A complex-valued k; defines an expo-
nentially growing solution (2.19) in atransverse direction r; = —|r¢| - (cos(6), sin(#), 0),
as in this case (2.19) transforms into H(r, t) = Ho exp(i8z — iwt) exp(y/|w?e — B2||1t|).
Typically, such asolution is considered unphysical on the grounds that it possesses infinite
electromagnetic fields.
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2.2

Hamiltonian formulation (frequency consideration)

Next, choosing a purely imaginary propagation constant, 8 = +i|8|, all the compo-
nents of transverse vectors are again real and can be expressed as:

ke = (ky. ky, 0) = /w2e + |BIA(cos(6), sin(8), 0), & € (0, 27). (2.25)

Thus, in the transverse direction the solution is still a delocalized plane wave, while in z
it is exponentially decaying in one direction. Such waves are also known as evanescent.
Note that solution (2.25) is essentially identical to (2.24) up to the interchange in vectors
Bz < k.

Finally, a choice of a truly complex g with nonzero real and imaginary parts leads
to a truly complex transverse wave vector k;, thus defining an exponentially divergent
solution in both the transverse and z directions.

We conclude by noticing that solution (2.19) together with (2.20) presents a gen-
eral solution of Maxwell’s equations in an infinite region of a uniform dielectric with
undefined boundary conditions. The classification of solutions (2.23), (2.24), (2.25) into
physical and unphysical is only relevant when dealing with an infinite dielectric region. In
contrast, all the solutions (2.23), (2.24), (2.25) have to be considered if used in expansion
of an electromagnetic field in a finite or a semi-finite region of a uniform dielectric. For
example, in the problem of electromagnetic energy propagation in the half space z > 0,
if nontrivial boundary conditions are imposed at z = 0, then electromagnetic fields in the
half space can contain in their expansion plane waves of the form (2.25) with 8 = i|8],
which exhibit exponentially decaying fields when z — 400 (see Problem 2.1 of this
chapter).

Methods of quantum mechanics in electromagnetism

We now revisit Maxwell’s equations in the form (2.15), (2.16), (2.17), (2.18) and
apply the formalism of Hamiltonian quantum mechanics to characterize their solutions.
We start by recapitulating the properties of Hermitian Hamiltonians. In the quantum
mechanical description of a single particle in an external potential U (r), the two major
unknowns are the particle energy E and a particle scalar v (r) function. The v function
defines the probability density o(r) of finding a particle at a certain point in space as
p(r) = [y (r)|%. The particle energy and its density function are related by a differential
equation, known as Shrddinger equation:

hZ
[—%vz + U(r)} w(r) = Ey(r). (2.26)
Equation (2.26) is said to define an eigenvalue problem, with an eigenvalue E (also
called a conserved property of a state) and an eigenfunction v (r) (also called a mode or
a state). The operator in square brackets is said to define a Hamiltonian:

H hzvz U 2.27
— |- vue]. @27
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while the  function is said to define a state |g). In this notation (also called Dirac
notation) (2.26) takes a more concise form:

H|ve) = E [ve). (2.28)

In the following, we assume that operator H is linear (does contain v (r) explicitly in
its definition). We define the dot product between the two states as:

Welve) = (Welve)” = / dr Y. (Dve (). (2.29)

where the star means complex conjugation, and integration is performed over the whole
volume in which the  function is defined (the domain of a y» function). In the same
manner as in (2.29), we define the operator average between two states as:

(welfive) = [ druz@fvem] (2:30)
Some Hamiltonians exhibit an additional symmetry by being Hermitian. In that case:

(ve lHIve) = (velHIve)" (2.31)

For example, Hamiltonian (2.27) is Hermitian as:

R 2
Welhive) = —o [ e @vive + [are@uoe
2 *
~ (3 [ @rvveTve® + [arveeueen)

2 *
= (-3 [rvev2ve 0+ [oruzmuven)
= (WelHIve)* (2.32)

where we used the identity:

/ drye, (NV2ye(r) = f dsy 2. (NVYe(r) — / drvy L (Ve
\Y S \Y

and a reasonable assumption that y¢/(r)|s = 0 on a surface S surrounding the volume V
(typically infinite) of the domain of ¢ function, thus leading to a zero surface integral.

There are several important properties of the eigenstates of (2.28) that can be derived
assuming that H is a Hermitian Hamiltonian, one of the most important being an orthog-
onality between different modes.

Orthogonality of eigenstates

Consider two eigenstates with different eigenvalues E’, E such that E’ £ E*. From
(2.28) they satisfy:

Hlye) = Elve) — (Ve HIve) = EWelve),
Hiye) = E'lve) — (VelHlve) = E'(Yelve).
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By conjugating the upper equation and using the Hermitian property of H (2.31), we
get:

(welHlye) = E*yelve).
(VelHlye) = E' (Yelye)
By subtracting one equation from the other we get:
(E* — E) (Yelye) =0, (2.33)

which can only hold if (yg|¥e) = 0. Moreover, if we choose the same state E’ = E,
then from the definition of a dot product (2.29) (ye|ve) is purely real and larger than
0, and (2.33) can only hold if E = E*, signifying a purely real eigenvalue. Thus, two
different eigenstates corresponding to the same Hermitian Hamiltonian have purely real
eigenvalues and they are orthogonal to each other in the sense of a dot product (2.29):

(el e) =0, when E # E. (2.34)

Frequently, a collection of several modes can have the same eigenvalue E: in that case
we call such an eigenstate degenerate. One labels different modes of the same degenerate
state by introducing an additional parameter 8 (or a set of parameters 8, B2, ... ) such
that e g label individual modes. Note that, owing to the linearity of a Hamiltonian eigen
problem (2.28), any linear combination of degenerate eigenstates is also an eigenstate.
Thus, assuming a countable parameter g the following will also be an eigenstate for any
choice of expansion coefficients Cg:

Ve = ZCﬂWE.ﬂ. (2.35)
B

In general, one can choose expansion coefficients in (2.35) in such a way as to orthog-
onalize all the degenerate modes with respect to each other in accordance with (2.34).
Such procedure is called a Gramm-Schmidt orthogonalization algorithm.

Finally, we note in passing that a particular form of a dot product (2.29) is crucial
for establishing that all eigenvalues of (2.28), (2.31) are strictly real. In the following
sections (normalizing the modes of a waveguide) we will see that it is not always possible
to choose a “good” dot product, thus leading to the complex conserved numbers labeling
the modes.

Variational principle

The variational principle theorem offers an alternative way of finding the lowest energy
state (ground state) of a Hermitian Hamiltonian H. Although solving the Schrédinger
equation can be quite complicated, there is a simple way of understanding the qualitative
features of its ground state. The variational theorem states that the ground state |yg) psi
function y4(r) with energy Eg minimizes the energy functional:

(YIHIY)

Et(y) = W (2.36)
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Moreover, when |¢) = [14), the value of the functional gives the energy of the eigen-
state E ¢ (¥y) = Eq. To prove the variational theorem, we will show that for any eigenstate
|v) = |y¥e) with energy E, the Hermitian Hamiltonian H (2.36) reaches an extremum.
The proof that (2.36) reaches a minimum for |) = |v) is somewhat more complicated
and can be found in standard quantum mechanics textbooks. To prove that (2.36) has
an extremum at |yg) we consider the variation of a psi function v (r) = ¥ (r) + &y (r)
around in the vicinity of an eigenstate. Then the variation of the energy functional for
Hermitian Hamiltonian H is:

E (e + %) — Eq(ve) = S EEITE TR g
_ WelHIve) + (WelHIsy) + Sy IHIve) + 06y
(Ve | ve) + (Ve | 89) + (5% | Ye) + O(6?)
_ E(We lve) + We | 89) + (v [ Ye) + O0Y?)
(Ve | ve) + (Ve | 8Y) + (8Y | Ye) + O(3y?)

0(5v2). (2.37)

From (2.37) it follows that the variation in the energy functional (2.36) is second order
with respect to the variation in the psi function of any eigenstate of a Hermitian Hamil-
tonian H. This, in turn, means that the functional E ¢ () reaches its extremum at any
eigenstate ) = |y¥g).

Accepting that the energy functional reaches its minimum at the ground state we now
find out what general properties the ground state eigenfunction possesses. Following the
same steps as in (2.32) we rewrite the operator averaging in (2.36) as:

hZ * *
A | SOV + [ @uavn
Ei(y) = =

VAR /drIIﬂ(r)|z

) %/dnwf(r)ﬁ+fdrU(r)|w<r)|2
/ dr [y ()2

(2.38)

Assuming that the confining potential U(r) is negative everywhere (see Fig. 2.2),
then to minimize (2.38) one has to choose a function localized around the minimum
of the confining potential but also smooth enough to have a small gradient. Note that
using the variational theorem one can also find higher-order modes by minimizing the
energy functional (2.36), while keeping a higher-order state orthogonal (2.34) to all the
lower-order eigen states.

To summarize, from the variational theorem we determine that a sensible shape of a
ground state (see Fig. 2.2(a)) would be a smooth function localized around the minimum
of the negative confining potential. From the orthogonality relation we also find that a
sensible shape for the higher-order mode would again be a sufficiently smooth function
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Figure 2.2 (a) The ground state eigenfunction should be sufficiently smooth and localized around
the minimum of a confining potential U (r). (b) The higher-order eigenstate should also be
sufficiently smooth and localized around the minimum of a confining potential while being
orthogonal to the ground state psi function.

localized around the minimum of a confining potential while changing its sign to satisfy
an orthogonality relation (2.34) with a ground state.

Equivalence between the eigenstates of two commuting Hamiltonians

In the following, we consider two linear Hamiltonians, which are not necessarily Her-
mitian. Two Hamiltonians H; and H, are said to commute with each other if, for any
function yr(r), the following holds:

(HiH, — HoH)y(r) = 0. (2.39)

We will now demonstrate that if |1//j1) is an eigenstate with an eigenvalue Ej1 of a
Hamiltonian H, and if two Hamiltonians commute, |1pj1> is then also an eigenstate of a
Hamiltonian H,. Applying (2.39) to v (r) = 1/fj1(r), and using (2.28) we get:

A [Hz |v})] = Ha [Aufvl)] = Ha [z [v])] = € [Ha[v})]. (240)

From the last equation in (2.40) it follows that H}W}) is an eigenfunction of a Hamil-
tonian H, with an eigenvalue Ejl. First, assume that the original |1//j1) is nondegenerate;
then I-12|1pj1) can differ from [y/}) only by a constant C, thus:

Haolyl) = Cly}). (2.41)

From the definition of an eigenstate (2.28) and from (2.41) it follows that |1/fj1) isalso an
eigenstate of a Hamiltonian H, with eigenvalue C.
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In a more complicated case of a degenerate |1pjl), from (2.40) and the discussion
leading to (2.35) it follows that there exists a set of coefficients Cﬁ-‘ such that:

N
Ho y]) = k; C¥lvir), (2.42)

where the index k spans all the N states |} ) degenerate with |1/fjl>. Coefficients Cf define

an (N x N) matrix C, and in a vector-matrix notation with [y1) = (|¥1), ..., [¥i)T,
(2.42) can be rewritten as:

Holyh) = Cly). (2.43)
We now introduce a vector of expansion coefficients A = (A1, ..., Ay) and find
under what condition a linear combination:
—T—F
) =A ) =) Aclvi) (2.44)
k

will be a true eigenstate of a Hamiltonian H, with some eigenvalue B. Particularly,
multiplying (2.43) by A on the left, using linearity of H,, and assuming that (2.44) is
an eigenstate, we arrive at:

A HoyT)y = A Clyl) — Ho[A [yh)] = A Clyl) — BA' [yT) = A' Clyl).

State (2.44) will be an eigenstate of H if BA' —A'C, or after transposing BA =
CT A, which is a conventional eigenvalue problem with respect to the vector of expansion
coefficients A. Thus, choosing linear combinations of degenerate eigenstates (2.44) of a
Hamiltonian H; with expansion coefficients being the eigenvectors of a matrix CT will
define true eigenstates of H in the form (2.28).

Eigenstates of the operators of continuous and discrete translations
and rotations

In many cases of interest in quantum mechanics and in electromagnetism, the geometry
of a system under investigation exhibits some kind of translational or rotational symme-
try (Fig. 2.3). Symmetry implies that a structure transforms into itself after performing
a symmetry transformation. This, in turn, implies that a system Hamiltonian commutes
with an operator of a corresponding symmetry operation. As established in Section 2.2.1,
we can then choose the eigensolutions of a system Hamiltonian to be those of a symmetry
operator, or, in the case of degenerate eigenstates, as a linear combination of these. As
eigenstates of many symmetry operators are easy to find they present a natural choice for
an expansion basis to find solutions of complicated Hamiltonians. Examples of systems
with various translational and rotational symmetries: a waveguide of a constant cross-
section having the same dielectric profile along a specific direction in space (the direction
of radiation propagation); such a waveguide is said to exhibit a continuous translational
symmetry in one dimension. Photonic crystals are periodic dielectric structures along
certain directions, and are said to possess a discrete translational symmetry along such
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Figure 2.3 Examples of various translation and rotation symmetries. (a) Continuous translational
symmetry along the 2 direction. (b) Discrete translational symmetry in 2D. (c) Continuous
rotational symmetry in 2D slabs. (d) Discrete rotational symmetry in 2D.

directions. Certain structures, like 2D slabs or planes, possess both continuous transla-
tional symmetry along any direction in the plane and continuous rotational symmetry
around an axis perpendicular to the plane. Finally, a structure like a planar square pos-
sesses only a discrete rotational symmetry around its center, with four allowed rotation
angles.

Definition of the operator of translation

We define the operator of translation along vector &r acting on a function v (r) as T s
Tsry(r) = w(r —or). (2.45)

By definition, the application of a translation operator results in the translation of a
function 1/f(r) along the vector &r (Fig. 2.4). The inverse of a translation operator is
then T5rl =T _gr, as TorT _sr is an identity. We now demonstrate that for a system
exhibiting translational symmetry, the translation operator commutes with a Hamilto-
nian (2.27). Moreover, if ¥ (r) is an eigenfunction of a Schrédinger equation (2.26),
then T s,y(r) is also an eigenfunction with the same eigenvalue. Mathematically, the
symmetry of a system with respect to a translation along or is understood as the
invariance of the external potential with respect to the action of a translation operator
férU(r) = U(r — or) = U(r). Assuming that v (r) is an eigenstate with an eigenvalue
E, we are going to manipulate the Schridinger equation:

2
|3 72+ U0 w0 = Ev )
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5| 5r /or|

Figure 2.4 Graphical interpretation of the translation operator T 5. Application of this operator
results in translation of a function v (r) along the vector or.

to re-express it in terms of the function T - (r). Particularly:

2
[—Zh—mvz +U (r)] T s Torv(N=ET _srTsryr(r),

2 A~ A ~
i =g 72+ 00| Foar (Far) =ECF o),

2
=g T+ 0T | (Farv) =€ (Favn) . a9

Consider now the two operator terms inside the square brackets. From the definition
of the operator of translation (2.45), for any function ¢(r) the following holds:

TseU(NT _5r(r) = TseU (N(r + 81) = U (r — 3n)e(r); (2.47)
moreover, from translation symmetry it follows that U (r) = U (r — &r) and, finally,
TsUMT 5 (r) = UMA().
For the differential operator, a similar consideration leads to the following:

férvzf—érqb(r) = férvzd)(r + 5!’)
R 92 92 92
=Tl —+—+— |o(r+or
5r<axz+ay2+azz)¢( L 8n)

82 82 32
- (a(x T aly—ey) oG —6z)2>¢(r)

92 92 92
= (5 * a7 * 32 90
= V2¢(r), (2.48)

where we have used the fact that 92/3(x — 5x)? = 92/3x2. Finally, by using (2.47) and
(2.48) in (2.46) we arrive at the following equation:

2
|:_2h_mVz +U (r)] (-I:Brl/f(r)) = E(fgrl//(r)), (2.49)

which implies that 'I:g,rxp(r) is also an eigenfunction of the Hamiltonian (2.27). More-
over, from (2.49) it also follows that the operator of translation and the Hamiltonian
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Figure 2.5 Graphical interpretation of the rotation operator ﬁ(ﬁvag). (a) Application of this
operator results in the rotation of a function v (r) along the vector A by angle 36. (b) Application
of the rotation operator to a vector. The rotation is performed around Z axis.

of a system exhibiting translation symmetry commute with each other as for any
eigenfunction v (r):

H(T 5w () = E(Tsryr(r) = H(T 5w () = Tor (Ev(r) = Tor(Hy ()

Definition of the operator of rotation

The operator of rotation ﬁ(ﬁ,ge) is characterized by the direction of a rotation axis A and
the angle of rotation 66. By definition, the application of a rotation operator results in the
rotation of a function v (r) along the axis fi through an angle 66 (Fig. 2.5). The rotation
operator is typically defined using the rotation matrix %(f, 59) as:

Rasn ¥ (r) = y (O (R, 86)r). (2.50)

The explicit form of R(N, 59) depends upon the choice of coordinate system. In a
rectangular coordinate system (x, y, z), with A = Z and counter-clockwise rotation, the
original and rotated vectors are related by:

X cos(d9) —sin(d9) 0 X
y = [N, 00) = | sin(d0) cos(66) O yl. (2.51)
z 0 0 1 z

rotated

In a cylindrical coordinate system (o, 6, z), the rotation matrix is an identity, and the
definition of a rotation operator is especially simple:

Ren.soy¥ (r) = ¥ (p. 0 — 86, 2). (2.52)

Finally, as two consequent rotations around the same axis with angles 56; and 6,
should be equal to a single rotation with angle 56; + 56, rotation matrices possess the
following property:

R(A, 50N, 565) = R(A, 561 + 56,) = R(A, 562)N(A, 561), (2.53)

from which it also follows that R ~1(f, 60) = R(A, —56).
We now demonstrate that for a system exhibiting rotational symmetry, the rotation
operator commutes with Hamiltonian (2.27). Moreover, if y(r) is an eigenfunction of
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a Schrodinger equation (2.26), then ﬁ(ﬁ,ge)w(r) is also an eigenfunction with the same
eigenvalue. Mathematically, the symmetry of a system with respect to a rotation (A, 56)
is understood as the invariance of the external potential with respect to the action of a
rotation operator

ReasnU (1) = U gk ) = U (D).

As in the case of a translation operator, we first assume that v(r) is an eigenstate of
(2.27) with an eigenvalue E. We then manipulate the Schrddinger equation:

hZ
[——vz n U(r)] W) = Ep(r).

2m

to re-express it in terms of the function ﬁ(ﬁ’ﬁg)w(r):

h? IR A .
|:—2—mV2 +U (r)i| R(ﬁ%g) Re,so ¥ (r) =E R(ﬁ?&e) Rn,s0) ¥ (r),

R . N R A
[—% Ren.50) V> Riisey + R(ﬁ,éG)U(r)R(ﬁ:}ég)} (R(ﬁ,w)lﬁ(r))=E(R(ﬁ,zse)¢(r))- (2.54)

Now consider the two operator terms inside the square brackets. From the definition of
the operator of rotation (2.50), and using the fact that R(*ﬁ?w) = Ren,—s0), for any function
¢(r) the following holds:

Rea.soU (NR G5, ¢(1) = Rea.sn)U (NG, 50)r) = U1 (A, 50)r)¢(r). (2.55)
moreover, from rotational symmetry it follows that U (r) = U () ~1(A, 56)r), and finally:
RinsoU (NR 58 (1) = UNe(r).

For the differential operator, it is advantageous to work in a cylindrical coordinate
system, where the axis of rotation i is directed along Z. Using the form of the rotation
operator as in (2.52) we arrive at the following:

R(n.60) VR a0 (1) = Ra.o0) V(0. 0 + 86, 2)

. 19 9 1 92 92
= Ra,50) FEr p% +Eﬁ+a7 ¢(p, 0 +50,12)
(o, 1t 9° N 9° 5(0.6.7)
= V2¢(r), (2.56)

where we have used the fact that 82/9(0 — 56)? = 92/362. Finally, by using (2.55) and
(2.56) in (2.54) we arrive at the following equation:

2
[_ZIi_mVZ + U(r)} (Ra.s0 ¥ (N) = E(R@so ¥ (1), (2.57)

which implies that Ii(ﬁ,g,@)W(r) is also an eigenfunction of Hamiltonian (2.27). More-
over, from (2.49) it also follows that the operator of rotation and the Hamiltonian
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of a system exhibiting translation symmetry commute with each other as for any
eigenfunction v (r)

H(Re.50)% (1) = E (R0 (1) = H (R.s0) ¥ (1)) = Rase) (EW () = Resey(H (1))
— H FAi(ﬁ,zse) = IQ(ﬁ.w)"]-

One-dimensional continuous translational symmetry

Assume that the system Hamiltonian transforms into itself for any translation ér = 2dz
along the unitary vector 2, see Fig. 2.3(a). An example of such a system can be a
waveguide of a constant cross-section directed along 2. The eigenstates of a translation
operator (2.45) then satisfy:

Tsry(r) = w(r — 262) = C(82)y(r). (2.58)
One can verify by substitution that eigenfunctions satisfying (2.58) are
Yp(r) = exp(ipz)u (rr) (2.59)

for any choice of a complex scalar 8, and (r = (r; + 2z), r; L2)

Two-dimensional discrete translational symmetry and 1D continuous
translational symmetry

Assume that a system Hamiltonian transforms into itself for any translation along vector

or of the form or = ory + 26z = a; Ny + @y N, + 28z, where vectors (a, az) L2 are

noncollinear and Ny, N, are any integers, see Fig. 2.3(b). The eigenstates of a translation

operator (2.45) then satisfy:

Torw(r) = (r —aiN; — @N, — 26z) = C(Ny, Ny, 82)y(r). (2.60)

One can verify by substitution that eigenfunctions satisfying (2.60) are v (r) =
exp(iBz + ik¢ry), with corresponding eigenvalues:

C(Ny, Ng, 6z) = exp(—iBdz — ik;dry). (2.61)

As in (2.59), g is a conserved number characterizing the mode. Note, however, that
eigenvalue (2.61) is now degenerate. Particularly, for any vector of the form k; + G

where G = b1 Py + b, P,, Py, P, are integers, and:

_ A X 2 _ Zxa
b, = ZJT_Z_—A; 2 = ﬂ%,
a-(a x2) a - (a x 2)

the corresponding eigenvalue is:
C(ky + G) = exp(—ipdz — i(k; + G)ory)
= exp(—iBdz — ik:dry) exp(—iG(a; Ny + azNy))
= exp(—iBdz — ik¢dry) exp(—i27 (Ny + Ny))
= exp(—iBdz — ikory)
= C(ky).
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Thus, the eigenstate of a translation operator (2.60) is degenerate for a set of transverse
wave vectors of the form k; 4+ G. From the discussion of Section 2.2.3 it follows that
the eigenstate of a Hamiltonian possessing a discrete translational symmetry can be
labeled with a vector of conserved parameters (k;, 8), and can be expressed using a
linear combination of all the degenerate states having the same eigenvalue (2.61):

Y1 (1) = exp(ifz + ik;r) Z Ag(G) exp(iGr;) = exp(ifz + ik;ry)Up(r)
G

Ug(re +aiN1 +axNy) = Ug(ry), (2.62)

where the expansion coefficients Ag(G) define a periodic function Ug(ry) of transverse
coordinates. The form (2.62) of an eigensolution for Hamiltonians with periodic poten-
tials is a well-known result and is known as the Bloch theorem.

Continuous rotational symmetry
Assume that a system Hamiltonian transforms into itself for any rotation angle 66 around
vector 2, see Fig. 2.3 (c). The eigenstates of a rotation operator (2.50) written in a
cylindrical coordinate system satisfy:

Rsow(p,6,2) = ¥(p, 6 — 86,2) = C(36)¥(p, 6, 2). (2.63)
One can verify by substitution that the eigenfunctions satisfying (2.63) are:
¥(p,0,2) =exp(imd)Un(p, 2), (2.64)

where Un (p, z) is some function of coordinates (o, z), and the eigenvalues are:
C(60) = exp(—imbo). (2.65)

Note that rotation by 25 should not change the form of a solution (2.64), thus neces-
sitating a conserved parameter m to be integer.

Discrete rotational symmetry Cy
Assume that a system Hamiltonian transforms into itself for a set of discrete rotations
80 = 2wk/N,k = [0, N — 1] around vector Z, see Fig. 2.3 (d). The eigenstates of a
rotation operator (2.50) written in a cylindrical coordinate system should then satisfy:

Rt (0.0.2) = ¥ (.0~ 51.2) = C1O(0.0.2). (2.66)
One can verify by substitution that the eigenfunctions satisfying (2.66) are again:
¥ (p,0,2) = exp(imd)Un(p, 2), (2.67)
while the eigenvalues are:
C(k) =exp (—im%k) . (2.68)

Asin (2.64), m is a conserved integer characterizing the mode, however the eigenvalue
(2.68) is the same for any m = m + Np, p an integer, m = [0, ..., N —1]. Thus, the
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eigenstate (2.67) characterized by an integer m is a degenerate one. From the discussion
in Section 2.2.3 it follows that the eigenstates of a Hamiltonian possessing a discrete
rotational symmetry can be labeled with a conserved integer m = [0, ..., N — 1] and
can be expressed by a linear combination of all the degenerate states having the same
eigenvalue (2.68):

Ym(p, 0,2) = exp(im6) ) _ A(p) exp(ipN&)Unm s pn (0, 2) = exp(imé)Un (o, 0, 2)
P

Um (,01 9 + ZWnka Z) = Um(pae» Z)v
k —integer,m =[O0, ..., N — 1], (2.69)

where the expansion coefficients A(p) define a periodic in 6 function Up(p, 6, z) with
a period 27t /N.

An important conclusion suggested by the form (2.69) is that all the solutions of a
system exhibiting discrete rotational symmetry Cy fall into one of the N classes labeled
by anintegerm = [0, ..., N —1].

Properties of the harmonic modes of Maxwell’s equations

At the beginning of Section 2 we have demonstrated that Maxwell’s equations can be
rewritten in terms of either only electric or only magnetic fields, thus reducing the
total number of unknowns from six to three. We first consider a system of equations
(2.17), (2.18). As discussed in Section 2.1, equation V - H = 0 enforces transversality
between the direction of plane wave propagation and the direction of a field vector.
Particularly, inside any region with uniform dielectric the fields can be presented as a
sum of plane waves H(r, t) = Hp exp(ik - r — iwt) satisfying the transversality condition
(k - Hp) = 0. As long as we remember to impose such transversality on a solution we
can concentrate on equation (2.17). By analogy with the Hamiltonian formulation of
guantum mechanics we are going to introduce a Hamiltonian formulation of Maxwell’s
equations. Thus, equation (2.17) w?H,, = V x (¢~1(r)V x H,), with respect to a 3D
vector of magnetic field H,(r), defines an eigenvalue problem:

H IH,) = o? [H,), (2.70)
with a Hamiltonian:
H=Vx (%Vx) , (2.71)
and an eigenvalue w?. We define a dot product similarly to (2.28):
(HolH) = [ drky(0)- Hy(r) @72)
\Y

where the states |Hy), |[H,,) correspond to the arbitrary vector functions Hg(r), Hy(r)
and integration is performed over the volume of the domain of Hy(r) and H,(r). In what
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follows, we demonstrate that the Maxwell Hamiltonian (2.71) is Hermitian when the
dielectric profile e(r) is purely real. Particularly, we demonstrate that:

(HgIHIH,) = (H,|H[Hy)*, (2.73)

for any choice of states [Hy), |H,) (not necessarily eigenstates), where the operator
average between two states is defined similarly to (2.30) as:

(HylFi[H,) = f drH: (1) - [HH, (D], (2.74)

To prove that the Maxwell Hamiltonian is Hermitian. wg write (2.74) as:
n 1
H¢|H|H /drH -[HH,] = /drH:; . [V X (—V X H(p)}, (2.75)
&
\

where integration is over the volume V of a generally three-dimensional space. For any
vector functions a and b the following vector identity holds:

b-(Vxa)=a-(Vxb)+V-(axb).

Now, using b = Hj and a = etV x H,, one can write (2.75) as:

(H¢||:||H ) = /dr( V xH ) (V x H;)—I—fdrv- [(%V X Hw) X H;:| (2.76)
v v

Using the divergence theorem, one can rewrite the second integral in (2.76) as a surface
integral:

(Hy|HH,) = /dr(%v x H¢> A(V x H) + /dS[(%V x H¢,> x H;] (2.77)
\" S

Assuming an infinitely large volume V, the magnitude of electromagnetic fields on the
surface 8V will tend to zero for a localized field. Assuming that (¢ 1V x H,) x H7, tends
to zero more rapidly than the area of integration ¢ dS, the surface integral in (2.77) can
thus be taken to zero, leading to:

(H¢|ﬁ|H¢)=/dr (%V X Hw> (V x H;):/dr (%V X H:;) (VxH,). (2.78)
v v

Using vector identity one more time, now withb = (1/¢)V x Hj anda = H, the integral
(2.78) can be rewritten as:

. 1 1
(H¢|H|H¢,)=/der : [v x (;V x H;‘,)] +/drv- [Hw x (;V x H;)]. (2.79)
\% \%

Again using the divergence theorem, the second integral in (2.79) can be written as a
surface integral and then taken to zero for the reasons discussed before, thus leading to:

<H¢||:||H¢,) = /drH(/, . |:V X <%V X H;;)i| (2.80)
v
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Finally, taking complex conjugate of (2.80) and assuming that the dielectric constant is
real we get:

*

(Hy|HIH,) = /drsH; : [v x (%v x H¢>] = (H,[H[Hy)*, (2.81)
\%

which concludes the proof.

Owing to the similarity of the eigenvalue problems in quantum mechanics and the
Hamiltonian formulation of Maxwell’s equations, as well as similarity of the dot product
operators (2.28), (2.72) and the operator averages (2.30), (2.73), many of the conclusions
drawn in Section 2.2 will be directly applicable to Maxwell’s equations. Finally, one can
also demonstrate that the Maxwell Hamiltonian defined by (2.15) is not Hermitian even
for real dielectric profiles, which is the main reason why we chose to concentrate on the
Hermitian Maxwell Hamiltonian (2.71).

Orthogonality of electromagnetic modes

The orthogonality condition (2.34) derived for the eigenmodes of a Hermitian operator in
Section 2.2.1 holds without changes in a case of the eigenmodes of a Hermitian Maxwell
Hamiltonian (2.71). In particular, the integrable electromagnetic eigenstates [H,,), |H.)
with eigenfrequencies o’ and w are orthogonal in the sense of:

(Hy[H,) = 0,0 # w. (2.82)

Eigenvalues and the variational principle

We will now demonstrate that the eigenvalue «? of a Hermitian operator (2.71) is strictly
real and positive. To demonstrate this, we consider an eigenstate |H,,) that satisfies
H|H,) = w?|H,). Multiplying the left-hand and right-hand sides by (H,,|, one gets:

(Ho| H [H,) = @? (H, | Hy) . (2.83)

As operator (2.71) is Hermitian, after conjugation of (2.83) and using (2.73) we arrive
at:

(Hol H Ho) = (@) (H, | Ho)* (2.84)

From the definition of a dot product it follows that
(o | Hob = (Hy | H)* = [ rIH,0F > 0. (285)

\
Comparing (2.83) and (2.84) we get w? = (w?)*, and, as a consequence, w? is strictly

real. Taking into account (2.83) and (2.85), to demonstrate that w? > 0, we are only left
to show that an expectation value (H|H|H) of a Maxwell Hamiltonian for any state |H)
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(not necessarily an eigenstate) is strictly positive. From (2.74) we get:

(HIH|H) = /drH*(r)-V x <ﬂv x H(r)) /dr— IV x H(N)? > 0, (2.86)
\Y

where similarly to (2.76), (2.77) we used vector identity and a divergence theorem to

extract a surface integral and equate it to zero. Note also that, from (2.86) and (2.12), an

expectation value of the Maxwell Hamiltonian for an eigenstate |H,) equals:

(HolHIH,) /dr—w HOF =, [ar Do, (2.87)
\

where D,(r) is an eigenstate displacement field. The expectation value (2.87) is
proportional to the electric energy Ep = 1/(8) dre=%(r)|D,(r)|? of the modal
field, which, for a harmonic mode, is also equal to the field magnetic energy Ey =
1/(87) J, dr|H(r)|.

In the same manner as in quantum mechanics, the variational theorem holds in the
case of a Hermitian Maxwell Hamiltonian stating that the lowest frequency harmonic
mode (ground state) |Hgy) with eigenvalue wé minimizes the electromagnetic energy
functional:

(HIH|H)

E¢(H) = HIA (2.88)

From (2.87) it follows that for an eigenstate |H,,), the energy functional (2.88) is pro-
portional to the eigenstate electric energy:

] olrﬂ 1D, ()P

<Hw | Ha)) B /dr|Hw(r)|2
\Y

Et(H,) = (2.89)

Minimization of (2.89) in search of a ground state of a Hermitian Maxwell Hamiltonian
suggests a field pattern with the state displacement field concentrated in the regions of
high dielectric constant. The same conclusion holds for higher frequency eigenstates
while requiring them to be orthogonal to the modes of lower frequencies. Thus, the
variational principle alone allows us to picture the distribution of the electromagnetic
fields in many systems. For example, consider an electromagnetic wave propagating
in a slab waveguide along the Z direction with a vector of the electric field parallel to
the slabs along the X direction (see Fig. 2.6(a)). According to the variational theorem,
the lowest eigenfrequency mode will have a displacement vector concentrated mostly
in the core region, which has a larger dielectric constant than the cladding region (see
Fig. 2.6(b)). The second-lowest frequency mode will then have to be orthogonal to the
lowest frequency mode, thus forcing it to change the sign of its displacement field in
the core region (see Fig. 2.6(c)). Field discontinuities in displacement fields on the slab
boundaries (see Figs. 2.6(b),(c)) occur because the modal electric fields parallel to the
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Direction of ! T |x
propagation g y
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SEOEL
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(a)

Figure 2.6 Transverse electric modes in a slab waveguide (the vector of the electric field is
parallel to the slabs). (a) Geometry of a slab waveguide. (b) Sketch of the displacement field
distribution in the lowest frequency guided mode. (c) Sketch of the displacement field
distribution in the second lowest frequency guided mode.

slab interfaces are continuous across the boundaries of the slabs while the dielectric
constant is discontinuous.

Absence of the fundamental length scale in Maxwell’s equations

An important property of Maxwell’s equations in dielectric media is the absence of a
fundamental length scale. In particular, eigenmodes calculated for one structure can be
trivially mapped onto solutions in a scaled structure. In more detail, consider Maxwell’s
equations in the form (2.17) and an eigenstate with frequency w:

@?Hy(r) = V; x ( G )vr X H,,,(r)) (2.90)

Assume that we uniformly scale down the structure by a factor s (s larger than 1
makes the structure smaller) such that a new dielectric profile can be expressed using the
unscaled one as £(r) = &(rs) or, inversely, e(r) = £(r/s). Substituting the scaled profile
into (2.90) we get:

w’H,(r) = < Vi x Hw(r)> (2.91)
&(r/s)
Making a coordinate transformation r’ = r/s in (2.91) we get:
@?H,(r's) = Vs x ( A )vrs x Ho(r' s)) (2.92)
Using the linear properties of a gradient Vs = s~1V,. we finally derive:

(@s)? Hy(r's) = Vi x ( (1 )vr/ x H,(r 5)) (2.93)
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Figure 2.7 Eigenmodes of a scaled dielectric profile for the lowest-frequency guided state of a
slab waveguide, shown in Fig. 2.6.

Equation (2.93) is identical in form to (2.90) but unlike (2.90) it defines eigenmodes of a
scaled profile g, which, from (2.93), are just a scaled version of the original eigenmodes
having a scaled frequency. In particular, by reducing the scale by a factor s the eigenfre-
quency increases by the same factor, while the field extent in space shrinks by that factor
(see Fig. 2.7).

Symmetries of electromagnetic eigenmodes

In the same way as in quantum mechanics we will demonstrate that when an electro-
magnetic Hamiltonian possesses a certain symmetry, such symmetry will be reflected in
the form of the solution. We will start with time-reversal invariance, then we will con-
sider continuous symmetries that are characteristic of various waveguides and finish with
discrete translational and rotational symmetries, which are the symmetries of photonic
crystals. In our treatment of the modal symmetries we always find the general form of
the magnetic vector field H(r). One can then apply the equation E = i/(we(r)) - V x H
to find the related form of the electric field. It is straightforward to demonstrate that in
all the cases presented below, the general form of the solution for the electric field will
be the same as that for the magnetic field.

Time-reversal symmetry

For real dielectric profiles (no losses), the dispersion relation possesses additional so-
called time-reversal symmetry. By complex conjugation of (2.70) and using the fact
that w is real, as established in Section 2.3.2, it follows that if H,(r) is an eigenstate
of a Hamiltonian (2.71), then HZ(r) is also an eigenstate of the same Hamiltonian
with the same w. As we will see in the next four sections, field solutions in systems
exhibiting translational and rotational symmetries can be frequently labeled by conserved
parameters. When an eigensolution has a form proportional to a complex exponential
with respect to one of the conserved parameters, say k»:

Ha k) (X1, X2, X3) ~ eXp(ik2X2)Uu(ky) (X1, X2, X3), (2.94)
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Figure 2.8 Action of operators of translation and rotation on a vector field. (a) Operator of
translation shifts the vector field without changing the vector direction. (b) Operator of rotation
rotates both the vector field distribution and the direction of a vector.

then due to time-reversal symmetry, after conjugation of (2.94) we again get the eigenstate
with the same frequency:

Ho o) (X1, X2, X3) ~ exp(—ikaX2)Uy, ) (X1, X2, X3). (2.95)

The form of (2.95) suggests that HX (r) is an eigenstate of (2.71) but with a negated value
of a conserved parameter —k,. From this, it follows that for systems with real dielectric
profiles:

w(ks) = w(—ky). (2.96)

Definition of the operators of translation and rotation

Derivations of the functional forms of the electromagnetic fields reflecting various con-
tinuous and discrete translational symmetries are essentially identical to the derivations
in quantum mechanics, as the form of the translation operator is the same. For the case of
rotational symmetries, Maxwell’s equations transform in a somewhat more complicated
fashion than Schrédinger equations and we will re-derive the appropriate formulas. In the
following, we assume that underlying space is 3D, meaning that solutions are described
by a 3D spatial distribution of a 3D vector of a magnetic field.

As with the case of quantum mechanics, we will first introduce operators of translation
and rotation, and then demonstrate that the electromagnetic Hamiltonian commutes with
such operators when the dielectric is invariant with respect to the action of such operators.

Translation operator

In analogy to quantum mechanics, we define an operator of translation by &r acting on
a vector function H(r) as T s:

T seH(r) = H(r — or). (2.97)

By definition, the application of a translation operator results in the translation
of a vector function H(r) along the vector 4r without changing the vector direction
(Fig. 2.8(a)). Assuming that the dielectric function is invariant with respect to the action
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of a translation operator férs(r) = ¢g(r — &r) = g(r), one can easily show that the elec-
tromagnetic Hamiltonian H (2.71) commutes with the operator of translation T s,.

Rotation operator
The operator of rotation acting on a vector function H(r) is denoted as Ii(ﬁ,g,@), where the
unitary vector fi defines the rotation axis and 56 defines the rotation angle. The definition
of Ii(ﬁ,w) is somewhat different from the case of quantum mechanics (2.50), as both the
direction of a vector function as well as its position in space is changed:

Ra.s0)H(r) = R(A, SO)H(R(A, 56) ). (2.98)

The rotation matrix R (A, 56) is defined in the same way as in quantum mechanics (2.51,
2.53). By definition, the application of a rotation operator results in the rotation of both a
vector function distribution and a vector direction (Fig. 2.8(b)). We will now demonstrate
that if the scalar dielectric function is invariant with respect to the action of a rotation
operator ﬁ(ﬁ,g,g)s(r) = s(ﬂt(‘ﬁgg)r) = ¢(r) then the electromagnetic Hamiltonian H (2.71)
commutes with the operator of rotations Ii(ﬁ_g,g). To differentiate rotation operators of
scalar and vector functions, we will use the R and R symbols correspondingly.

In what follows, we will use the cylindrical coordinate system with its axis Z directed
along the axis of rotation . In this case, the rotation matrix %(A, 660) is an identity and

é(l’i,é@)H(p’ 95 Z) = H(IO’ 0 — 665 Z)? (299)

where H = pH, + 0 He + ZH,. Moreover, the invariance of the dielectric function with
respect to rotation (A, 50) can now be simply expressed as F}(ﬁ’ég)é‘(p, 0,2) =¢(p, 0 —
80,2) = ¢(p, 0, 2).

Following the same path as in the case of quantum mechanics, we first assume that
H(r) is an eigenstate of (2.71) with an eigenvalue w?. We then manipulate the master
equation (2.70):

[v x <%VX)] H(r) = w?H(r),

to re-express it in terms of the function Fi(ﬁﬁég)H(r):

1 i L
[V ) <%VX>} Re.s0RasmH(r) = a’zR(ﬁ,ée)R(ﬁ,ée)H(r),

[fa(ﬁ,w)v x (%r)w) Fi(ﬁfw)} (Rea.s0)H(I)) = 0?(Rea.s0)H(N)). (2.100)

We will now write a differential operator in square brackets in a cylindrical coordinate
system with its axis Z directed along the axis of rotation fi. The well-known form of a
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V x operator in cylindrical coordinates acting on a vector function @(r) is:

P 5 Z
o P
Voo x@p.0,2)=19 3 3 |, (2.101)
9 00 oz
Py, PPy P

where || signifies the matrix determinant. From (2.101), and from the fact that
9/0 (0 — d9) = /96 for any constant 59, the following also holds:

V(p,9,Z) X (p(ps 97 Z) = V(p,9759,2) X (p(pv 97 Z) (2102)

Finally, from the definition of the operator of rotation (2.98) it follows that Ii(_ﬁ%w) =
é(ﬁ_,gg). The operator on the left-hand side of (2.100) can then be simplified as:

Ii(ﬁ,g,@)V X ( ( )VX> R(n 60)([)0’)

A 1
= Rn,50)Vio.0,2) (m (V(p,e,z) x @(p,0 + 80, Z)))

1
e(p,0 —80,12)

(V0.0 x @(p. 0, Z)))

= V(p,0-56,2) X ( (v(p,9759,2) x @(p,0, Z))>

1
=V X | ———
0-02) ((p,e,z)

=V x <ﬂVx> (), (2.103)

where we used the rotational symmetry of the dielectric function ¢(p, 0 — 80, z) =

e(p, 0, 2),aswell as (2.102). Finally, by using (2.103) in (2.100) we arrive at the following
equation:

|:V x (ﬁvx>i| (FA{(ﬁ,éé?)H(r)) = a)z(ﬁ(ﬁ,w)H(l’)), (2.104)

which implies that Iﬁ(ﬁ,g,g)H(r) is also an eigenfunction of the Hamiltonian (2.71). More-

over, from (2.104) it also follows that the operator of rotation and the Hamiltonian of a

system exhibiting rotational symmetry commute with each other as for any eigenfield

H(r):

H (Re.50)H() =0* (R, H(r) > H (R 50 H(r) =R,)(@?H(r) =R, (HH(T)
—> H é(ﬁjg) = é(ﬁjg) ﬁ

Continuous translational and rotational symmetries

Thedielectric profiles presented in Fig. 2.9(a)—(d) exhibit various continuous symmetries.
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Figure 2.9 Examples of various continuous symmetries. (a) 1D continuous translation symmetry
along 2. (b) 2D continuous translation symmetry along X and ¥. (c) Uniaxial rotational
symmetry around Z. (d) Uniaxial rotational symmetry around Z + 1D continuous translation
symmetry along 2.

One-dimensional continuous translational symmetry
Such symmetry is typically presented in integrated waveguides, optical fibers, and long
scatterers of constant cross-section (Fig. 2.9(a)). The general form of a solution consistent
with 1D translation symmetry is:

Hi, (r) = exp(ik;z)Uy, (r1), (2.105)

where Uy, (rt) is a vector function of the transverse coordinates only. For historical
reasons, to label solution (2.105) instead of a propagation vector Zk, one frequently uses
the notion of a propagation constant 8 defined as 8 = k;.

Two-dimensional continuous translational symmetry
Such symmetry is typical for planar waveguides, mirrors, and multilayer structures
(Fig. 2.9(b)). The general form of a solution consistent with 2D translation symmetry is:

Hy, (r) = exp(ikir)Uy, (2), (2.106)
where Uy, (z) is a vector function of the z coordinate only, and k; is a vector in the plane

of a structure.

Three-dimensional continuous translational symmetry
This is symmetry of a uniform space. The general form of a solution consistent with 3D
translation symmetry (compare with (2.19)) is:

Hy(r) = exp(ikr)Uy, (2.107)

where Uy is a vector constant, and k is any 3D vector. Note that the only information
missing from (2.107) is a transversality condition (k - Uy) = 0.
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Uniaxial rotational symmetry

This is symmetry of tapered fibers, fiber lenses, and general lenses with rotational sym-
metry around a single axis (Fig. 2.9(c)). To find the general form of a solution consistent
with uniaxial rotational symmetry, we first find the eigenmodes of an operator of con-
tinuous rotations. From (2.98), the eigenmodes of a rotational operator satisfy:

R(A, 50YHO(A, 50)~1r) = C(A, 0)H(r). (2.108)

In a cylindrical coordinate system where 2 = A, R(A, 50) is an identity matrix, the
eigenequation (2.108) can be written as:

R(A, SO)HO(A, 50)71r) = H(p, 6 — 86, z) = C(66)H(p, 6, 2). (2.109)

One can verify by substitution that in a cylindrical coordinate system, the general form
of a nondegenerate vector eigenmode satisfying (2.109) is:

Hm (0, 0, 2) = exp(im@)Un(p, 2) (2.110)

where Un (p, 2) is a vector function of the radial and longitudinal coordinates, C(660) =
exp(—imd6), and m is an integer to guarantee that (2.110) is single-valued.

Uniaxial rotational symmetry and 1D translational symmetry (fibers)

This is the symmetry of conventional index guided optical fibers, multilayer Bragg fibers,
and any other fiber drawn from a cyllndrlcal preform (Fig. 2.9(d)). In the case when two
distinct symmetry operations, S; and S,, commute with each other, the eigenstates of
one symmetry operator can be constructed from the eigenstates of another symmetry
operator. Thus, to find the eigenstates satisfying both symmetries, one starts by finding
the eigenstates of one of the two operators, and then one finds what other additional
restrictions should be imposed on a form of a solution to satisfy the eigenvalue equation
for the other symmetry operator. Finally, if degeneracy is present, the eigenstate of a
system Hamiltonian will be a linear combination of the degenerate eigenstates common
to both symmetry operators.

As found in the case of uniaxial rotational symmetry, in the cylindrical coordinate
system with Z = A, nondegenerate eigenstates reflecting such a symmetry have the form
Hm(p, 0, 2) = exp(im@)Un (0, 2). Now, for such states also to exhibit translational sym-
metry along the Z direction they should additionally satisfy:

fiész(r) = Hn(p, 0,2 — 8z) = C(82)Hnp(r)
exp(imf)Un(p, z — 6z) = C(dz) exp(imB)Un (o, 2), (2.111)
Un(p, 2 — 82) = C(82)Un(p., 2)
where from the last equation it follows that Uy (o, z) = exp(ik;z)Um k,(p) and Up . (o)

is a vector function of a radial coordinate only. Finally, a general form of an eigenstate
exhibiting a uniaxial rotational symmetry plus 1D translational symmetry is:

Hmk, (0, 0, 2) = exp(im@) exp(ik, z)Un k, (o). (2.112)
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Two-dimensional continuous translational symmetry from the point of view of
continuous rotational symmetry
It is interesting to note that 2D continuous translational symmetry, characteristic to slab
waveguides, mirrors, and multilayer structures, can also be considered from the point of
view of continuous rotational symmetry. This leads to an alternative form of a general
solution of (2.70). As described earlier, the general form of a solution in a system
exhibiting 2D translational symmetry is

Hi, (r) = exp(ikr)Ug, (2). (2.113)

It is reasonable to assume that in a system exhibiting continuous rotational symmetry,
the eigenvalue w? (k) of a system Hamiltonian (2.71) depends only on the absolute value
of a transverse wavevector, and not on its direction (this will be proved in Section 2.4.6),
that is, w?(k;) = w?(|k¢|). Therefore, solution (2.113) is degenerate with respect to the
direction of a transverse wave vector. As established in Section 2.4.2 (discussion of
rotation operator), if (2.113) is an eigensolution of a Hamiltonian (2.71), then

R Hi (1) = exp (iktﬁt(‘z’lé)r)ﬂt(i,g)ukt (), (2.114)

is also a solution with the same eigenvalue for any 6. Therefore, a general solution can
be written in terms of a linear combination of all the degenerate solutions:

2 2
HOk, | cartesian = / d6 AB)R 3.5 Hi (1) = / do A(6) exp (iktm(;}é)r)m@;)uK(z).
0 0

(2.115)

Note that (2.115) is written in Cartesian coordinates. To rewrite it in cylindrical coor-

dinates we use the fact that H(r)|cartesian = Rz,0)H (0, 0, Z)leylindricar- This allows us to
rewrite (2.115) in cylindrical coordinates as:

2
n 0 1 A—1 n—1
M0 0. 20| yingien = [ 9 A@) X0 DO 1 Ui 2)
0

2
= f do A(®) exp(ik, p cos(® — 0))Rz 54Uk, (2)  (2.116)
0

where without loss of generality we suppose that in the Cartesian coordinate system
ki = (k,, 0, 0), and Uy, (z) is relabeled as Uy, (z).

Alternatively, in a system with continuous rotational symmetry, a general solution can
be chosen in the form (2.110),

To cast (2.116) into this form, we choose expansion coefficients as

A(6)
Ao

Ao/(2) exp(imé),
—exp(im - 7/2).
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In this case (2.116) transforms as:

H(p. 0, Z)m,kﬂ |eylindrical =

Ao [ s .
= 2—0/d9 exp(ik, p cos(f — 0) +imO)R; 5_4)Uk, (2)
T
0
Y 3 o |
= exp(lme)z— / do exp(ik, o cos(d — 0) +im(0 — )Nz 5_g) Uk, (2)
. .
0

2
— exp(imo) [f—; / d6 exp(ik,,p cos(d) + imé)m@;i U, (2). (2.117)
0

By using an explicit form of the rotation matrix in Cartesian coordinate system, and the
integral representation of the Bessel function:

on(n) 7

In(x) = o

/ do exp(ix cos(9) + im@)

In-100) + Inia(x) _ —ep(-ing) 7
2

> / dé sin(®) exp(ix cos() + imo),

Jm_l(x); i) _ g ) /d@ cos(6) exp(ix cos(6) + imo),
we can simplify (2.117):

H(,O, 05 Z)m,kp ’

Ao [ = . .
= exp(imo) ﬁ/d@ exp(ik, o cos(@)+im0)9’t(2’5):| Uk, (2)
0

cylindrical =

Ao . . . cos(?) —sin@) 0
= exp(imo) 7 / do exp(ik,p cos(0) +imo) | sin@@) cos@) 0 | | Yk, (2)
|0 0 o 1
Jm—l(kpp) - Jm+1(kpp) _ Jm—l(kpp) + Jm+1(kpp)

0
2 2
= exp(imo) | In-1(kpp) + Ins1(kpp)  Im-1(kyp) = Imiakop) Uy, (2)
2 2
0 0 In(Kp0)

(2.118)

We therefore conclude that an alternative form of a general solution for the case of a
system with 2D translational symmetry is:

Hunk, (0, 0, 2) = exp(imd)Mm (K, 0)Ux, (2), (2.119)
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Figure 2.10 Various types of band diagrams, which are used to present dispersion relations of the
eigenstates of electromagnetic systems.

where two conservative numbers (m, k,) characterize a solution, My (k,0) isa 3 x 3
matrix of a specific form (2.118), and Uy, (z) is a vectorial function of the z coordinate
only.

Band diagrams

Depending on the number and nature of the conserved parameters, different types of band
diagrams are possible. As introduced in Section 2.1, band diagrams serve as a tool to
visualize the phase space of the allowed electromagnetic modes of a system. Particularly,
one most frequently uses 2D plots depicting the dependence of frequency of the allowed
states as a function of a single continuous parameter.

If the symmetry of a system does not allow any conserved parameters, or if it only
allows discrete conserved parameters (such as integer m in (2.110)), then a corresponding
band diagram « becomes a discrete collection of points along the frequency axis. As an
example, Fig. 2.10(a) shows a band diagram of the eigenstates of a circular resonator
labeled by the corresponding values of the angular momenta. Distinct states can share
the same value of angular momentum m.

If there are several conserved numbers among which one is discrete while another one
is continuous (such as (m, k;) in (2.112) or (m, k,) in (2.119)), then one typically fixes
the value of a discrete parameter and then plots the dispersion relation as a function of
a single continuous parameter. In this case, the band diagram appears as a collection of
continuous “bands” labeled by different values of a discrete parameter. As an example,
in Fig. 2.10(b), a band diagram of modes of a circular fiber is presented with different
bands labeled by the different values of angular momentum m. Using the considerations
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of Section 2.1 we also conclude that there are no guided states below the light line of a
dielectric with the highest value of a dielectric constant (the light line of a fiber core in
this example).

Note that even if all the conserved quantities describing the symmetry of a system are
continuous, one can still have discrete bands in the band diagram. Compare, for example,
two different descriptions of solutions in systems exhibiting 2D translational symmetry.
Thus, the modes of a planar multilayer system (Fig. 2.9(b)) can be labeled either by
two continuous parameters (K, ky) as in (2.106), or by one discrete and one continuous
parameter (m, k,) as in (2.119) (hence exhibiting discrete bands). Generally, whenever
there is confinement even in a single spatial direction (for example, confinement along
the Z direction in Fig. 2.9(b)) solutions typically form discrete bands. Another example of
this is presented in Fig. 2.10(c), where eigenfrequencies of the modes of a slab waveguide
are plotted against ky, assuming ky = 0.

The dielectric profile of a practical electromagnetic system always features an infinite
dielectric region called cladding, which supports a continuum of delocalized radiation
states. Far into the cladding region, solutions of Maxwell’s equations can be described
in terms of plane waves characterized by the corresponding diagram of Fig. 2.1(b). In
the presence of structural or material imperfections, such as waveguide bending, surface
roughness, regions of material crystallinity, etc., localized eigenstates of a system can
couple to the radiation continuum of the cladding, thus resulting in scattering losses.
When plotting band diagrams of complex systems it is always useful to add a band
diagram of a cladding continuum, as modes that are truly localized by the structure
will lie below such a continuum. As an example, consider a planar photonic crystal
waveguide with a core surrounded by the periodic reflector and, finally, a low-refractive-
index cladding (see Fig. 2.10(d)). As we will see later in the book, for the frequencies
falling into the bandgap of a periodic reflector, the waveguide core can support guided
modes located inside the continuum of cladding states. When excited, such states could
be guided in the waveguide core, however, they will be prone to “leaking” into the
cladding due to imperfections in the confining reflector.

In the case when there are several continuous parameters labeling solutions (like
(kx, ky) in (2.106) or (2.127)), two types of band diagrams are typically employed.
The first type of band diagram presents the dispersion relation along the given one-
dimensional curve in the multidimensional continuous parameter space (Fig. 2.10(e)).
The second type of band diagram presents all the dispersion relations plotted on the same
graph as a function of a single continuous parameter for all possible values of the other
continuous parameters. This is a so-called “projected” band diagram (Fig. 2.10(f)). Both
band diagram types are considered in detail in the following sections.

Discrete translational and rotational symmetries

In what follows, we consider the general structure of the electromagnetic solutions in
systems exhibiting various discrete symmetries. We particularly consider modes of the
dielectric profiles corresponding to a fiber Bragg grating (Fig. 2.11(ai)), planar pho-
tonic crystal waveguide (Fig. 2.11(aii)), a diffraction grating (Fig. 2.11(b)), an ideal
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Figure 2.11 Examples of various discrete translational symmetries. (a) Discrete translations in
1D (fiber Bragg gratings, photonic planar crystal waveguides). (b) Discrete translations in 1D +
continuous translations in 1D (planar Bragg gratings). (c) Discrete translations in 2D +
continuous translations in 1D (2D photonic crystals). (d) Discrete translations in 2D (realistic
2D photonic crystals in slab geometry). (e) Discrete rotational symmetry (point defects in a
periodic 2D lattice).

two-dimensional photonic crystal (Fig. 2.11(c)), a photonic crystal slab (Fig. 2.11(d)),
and a resonator embedded into a photonic crystal lattice (Fig. 2.11(e)).

One-dimensional discrete translational symmetry
Such symmetry is presented in a periodic sequence of identical finite size scatter-
ers. Examples of structures exhibiting such a symmetry are fiber Bragg gratings (see
Fig. 2.11(a)), and slab photonic crystal waveguides (see Fig. 2.11(a)). In fiber Bragg
gratings, in particular, the periodic modulation of the dielectric profile is written into a
fiber core along the direction of light propagation. For most frequencies, a fiber Bragg
grating guides the light in the same way as a normal fiber does, while in some frequency
ranges, called stop bands, a fiber Bragg grating exhibits strong changes in its transmis-
sion properties as a function of wavelength. For example, inside a stop band, a fiber
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Bragg grating can completely reflect the light back towards the source, thus enabling
such applications as frequency rejection filters. A periodic sequence of weakly cou-
pled high-quality resonators has also been proposed to generate slow light (modes with
ultra-low values of group velocity) to be used as delay lines.

The general form of a nondegenerate solution consistent with 1D discrete symme-
try can be derived in exactly the same fashion as in the case of quantum mechanics.
Nevertheless, we will present the derivation again to introduce the notions of the Bra-
vais lattice and the Brillouin zone. Thus, assume that a system Hamiltonian transforms
into itself e(r — 6r) = ¢(r) for any discrete translations along vector 6r of the form
dr = a;N; where vector @; || Z and Ny is an integer, see Fig. 2.11(a). All the points in
space described by displacements 6r = a; N; form a periodic array, also called a Bravais
lattice. The eigenstates of a translation operator (2.97) then satisfy:

TsrH(r) = H(r —a1Ny) = C(NH(r). (2.120)

One can verify by substitution that eigenfunctions satisfying (2.120) are H(r) =
exp(ik;z)Uy, (ri) where (r = (ry + z2), r; L2 ) and Uy, (ry) is a vector function of trans-
verse coordinates only. The corresponding eigenvalues are:

C(Ny) = exp(—ik, (3@12) Ny). (2.121)

The eigenvalue (2.121) is, however, the same for any k,Z + G where G = b, Py, Py is
an integer, and b; = 2 - 277 /[a;|, which are called reciprocal lattice vectors. Thus, the
eigenstate of a translation operator is degenerate for a set of wave vectors of the form
k.Z + G. That means that a Bloch state (eigenstate for periodic systems) of a Hamiltonian
possessinga 1D discrete translational symmetry can be labeled by a continuous conserved
parameter k,, and can be expressed as a linear combination of all the degenerate states
having the same eigenvalue (2.121):

Hi, (F) = exp(ik;2) 3 Ake2 + G) exp(i (G2) 2)Uz+6(re) = exp(ik2) Uy, (1)
G
Us, (r + a1Ny) = Uy, (r), (2.122)

where the expansion coefficients A(k;Z + G) define a periodic function Uy, (r) along a
symmetry direction. Note that Bloch states with k,2 and k,2 + G’ are identical for any
G'. Indeed:

H,216/(r) = exp(i (k; + (G'2)) 2) Z Ak.2 + G" + G) exp(i (G2) 2)U,z2+6+6(rt)
G
= exp(ik,z) Z A2+ G' + G)exp(i (G’ + G)2) 2)Uy,346+5(rt)
G

(G/+§)—>G szz(l’). (2.123)

Thus, we only need a part of the reciprocal lattice space, namely k, € (—|b1|/2, [b1]/2]to

label all the nondegenerate Bloch states. The smallest region of reciprocal space needed
to label all the Bloch states is called a first Brillouin zone.

Note also that owing to equivalency of all the k,Z + G’ eigenstates, the dispersion

relation satisfies w(k;) = w(k; + (G'2)) forany G’. Finally, from time-reversal symmetry,
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Figure 2.12 (a) Schematic band diagram of a fiber Bragg grating. (b) Construction of a band
diagram for a 1D periodic system.

w(k;) = w(—k,) and one can only consider k, [0, |b1]/2], also known as an irreducible
Brillouin zone.

As periodic structures present a focus of our work we will explain in detail the proper-
ties of their band diagrams in the corresponding sections. At this point our goal is rather
to highlight the differences between systems with continuous and discrete symmetries.

A typical band diagram for a fiber Bragg grating is presented in Fig. 2.12(a). At the
edges of the first Brillouin zone the curvature of the bands is zero, which is a consequence
of the time-reversal symmetry (see Problem 2.2 of this section). The eigenstates of a fiber
Bragg grating can be classified as either the true guides states if they are located below
the cladding continuum, or as the “leaky” radiative states if they are located in the
cladding continuum. In the case of a weak Bragg grating, the periodic perturbation of
the dielectric profile of a fiber core is small, thus, far from the Brillouin zone edges
dispersion relations of the fiber Bragg grating modes should be similar to those of a
uniform fiber. This suggests that to get the first approximation to the band diagram of a
weak fiber Bragg grating one can first plot the dispersion relations of the fiber modes,
and then simply reflect them into the first Brillouin zone (Fig. 2.12(b)). At the points of
intersection with the edges of the first Brillouin zone small frequency gaps (stop bands)
will appear. Finally, at higher frequencies the true guided modes of a fiber are reflected
into the continuum of the cladding states, thus becoming the “leaky” radiative modes of
a fiber Bragg grating.

One-dimensional discrete translational symmetry and 1D continuous symmetry

Such symmetry is characteristic to structures made of a periodic sequence of scatterers
extended in one dimension. A representative of such structures is a diffraction grating
(see Fig. 2.11(b)) where the periodic modulation of dielectric profile is written as lines
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into a solid substrate. The transmission (or reflection) properties of diffractive gratings
are strongly dependent on the angle of radiation incidence, as well as the wavelength of
the incident light. This property of diffraction gratings enables, for example, the spatial
separation of distinct wavelength components traveling in the same nonmonochromatic
beam.

The symmetry of diffraction gratings implies that its system Hamiltonian transforms
into itself e(r — or) = ¢(r) for any translation along the vector &r of the form &r =
a;N; + X0x, where vector @; || Z and Nj is an integer. The general form of a field
solution can be readily derived as:

Hkx,kz(r) = exp(ikZZ + ikXX)Ukmkz(y’ Z)

o . (2.124)
Ug, k. (Y, Z + (@12) N1) = Uy, k, (Y, 2)

Two-dimensional discrete translational symmetry and 1D continuous symmetry

Systems possessing this symmetry are called 2D photonic crystals. The optical response
of 2D photonic crystals can be readily computed without resorting to demanding numeri-
cal simulations. Practical implementations of 2D photonic crystals include photoinduced
lattices and photonic crystal fibers (see Fig. 2.11(c)); there the direction of light propa-
gation coincides with the direction of continuous translational symmetry 2. For fibers,
in particular, fiber core is implemented as a continuous defect in the Z direction of a 2D
periodic lattice; light in the core is then confined by the bandgap of a periodic cladding.
Band diagrams of 2D photonic crystals also present a departure point for understanding
the band diagrams of more practical slab photonic crystals; there light propagation is
confined strictly to the xy plane of a photonic crystal (see Fig. 2.11(d)).

The symmetry considered implies that a system Hamiltonian transforms into itself
e(r — &r) = ¢(r) for any translation along the vector or of the form or = r; + 26z =
a1 Ny + a2 N, + 26z, where vectors (a3, @) L2 are noncollinear and N1, N, are any inte-
gers. Then, the general form of a field solution can be easily derived to be:

Hi, k, (r) = exp(ik;z + ik rt)Uy, i, (1t)

B B , (2.125)
Ukt,kz(rt +a;N;y +a, Nz) = Ukt,kz(rt)
where N1, N, are any integers. We define basis vectors of reciprocal space as:
_ AL x2 Zxa
by = 27— 2% X (2.126)

@ @) 2T e @)
As in the case of 1D discrete translation symmetry, the spatial points described by the
displacements 6r = a; N; + @, N, form a Bravais lattice. The Bloch states with k; and
k; + Gareidentical forany G = b; P; + b, P,, thus, only afinite volume of the reciprocal
phase space can be used to label the modes (the first Brillouin zone).

Band diagrams of the 2D photonic crystals will be considered in detail later. In passing,
the band diagram most frequently used to describe bandgaps of 2D photonic crystals
is w(k; = 0, ky = the Brillouin zone edge) (see Fig. 2.13(a)), where eigenfrequencies
are presented along the edge of an irreducible Brillouin zone (see definition at the
end of Section 2.4.6). The reasoning for choosing the Brillouin zone edge to visualize
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Figure 2.13 Band diagrams for 2D photonic crystals. (a) Band diagram to study the modes
propagating strictly in the plane of a photonic crystal k, = 0 (planar photonic crystal circuitry).
(b) Projected band diagram to study states guided along the direction of continuous translational
symmetry k, # 0 (photonic crystal fibers).

the bandgaps is that all the frequencies corresponding to the interior points of a first
Brillouin zone typically fall in between the lowest and the highest frequencies of the
states at the irreducible zone edge. As the goal, frequently, is to establish the presence
of a complete bandgap (a bandgap for all the transverse propagation directions) then
one can do that just by checking the points on the Brillouin zone edge. Another type of
band diagram is typically used to characterize guided modes of photonic crystal fibers.
It presents a band diagram projected onto a k, direction of a propagation wavevector,
namely w(k, = const, k; = all allowed) (see Fig. 2.13(b)). In the resultant band diagram
a continuum of cladding states is interrupted with bandgap regions. In the presence of a
continuous defect (waveguide core), states guided by the defect appear as discrete bands
inside the bandgap regions.

Two-dimensional discrete translational symmetry

This is symmetry of a practical implementation of a 2D photonic crystal in the form of a
planar dielectric slab with a 2D periodic pattern imprinted in it (see Fig. 2.11(d)). Such
structures are typically realized by means of electronic beam lithography. In the vertical
direction, optical confinement is achieved by assuring that the effective refractive index
of the slab is higher than that of the cladding. The symmetry considered implies that
a system Hamiltonian transforms into itself e(r 4+ 6r) = &(r) for any translation along
vector dr of the form &r = a;N; + @, Ny, where vectors (a;, @) L Z are noncollinear
and N1, Ny are any integers. Then, the general form of a field solution can be now easily
derived as:

Hy, (r) = exp(ikri)Uy, (1, 2)

B - ) (2.127)
Uk (re +a1N1y + a2 Ny, z) = Uy (1, 2)
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Figure 2.14 Comparison between the band diagrams of (a) 2D photonic crystals and (b) realistic
slab photonic crystals.

The band diagram for the case of a 2D photonic crystal slab (Fig. 2.14(b)) is similar
to that of a 2D photonic crystal with continuous translation symmetry in the transverse
direction (see Fig. 2.14(a)). One important difference between the two diagrams is in the
presence of a continuum of cladding states for a slab photonic crystal. Photonic crystal
modes situated in the cladding continuum are inherently “leaky” and can be efficiently
irradiated into the cladding by the structural imperfections of a photonic crystal.

Three-dimensional discrete translational symmetry

Substantial experimental progress has been made in creating 3D photonic crystal struc-
tures using, among other techniques, self-assembly, lithography-assisted stacking, holog-
raphy, and multiphoton polymer polymerization techniques. The major remaining chal-
lenges include difficulty in maintaining long-range order of a photonic crystal lattice,
as well as a limited ability to introduce carefully designed defects into the lattice
structure.

The symmetry considered implies that a system Hamiltonian transforms into itself
e(r — or) = g(r) for any translation along vector &r of the form ér = a;N; + a;N, +
a3 N3z, where vectors (a1, a,, az) are noncollinear and N1, N2, N3 are any integers. Then,
the general form of a field solution can be easily derived as:

Hi(r) = exp(ikr)Uk(r)

, (2.128)
Uk(r +a;Ng +a;Ny +azNsz) = Ug(r)

where N1, N2, N3 are any integers, and the basis vectors of reciprocal space are:
A xaz -~ az xa; -~ a; x a

by =2 — by=21———— _b3=2m———.
LT @ xas) 2 A (@ xas) © ar (@ xas)

(2.129)
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All the points in space described by displacements 6r = a;N; +a,N, + asNs forma
Bravais lattice. Bloch states with k and k + G are identical for any G = by Py 4+ b, P, +
b3 Ps, thus only a first Brillouin zone need be used to label the modes.

Normalization of Bloch modes
In the case of discrete translational symmetries, the orthogonality relation between the
Bloch modes becomes more restrictive than (2.82). In particular, consider two Bloch
modes characterized by wave vectors k and k' (confined to the first Brillouin zone),
and belonging to the bands m and m’. Owing to the Hermitian nature of the Maxwell
Hamiltonian, the following general othrogonality relation (2.82) holds:

/ drHZ, 4o (NHe, k) (1) ~ a0 ) (2.130)

(o]

where § is a Kronecker delta, and integration is performed over the whole space. Owing
to the particular form of a Bloch solution, an additional orthogonality condition with
respect to the Bloch wave vectors also holds. Thus, using the general form of a Bloch

solution:
Han (i = eXp(KI)Us, ()
“ “ , (2.131)
U (r + R) = U, 9 (r); R — any lattice vector

and after substitution into (2.130) we get:

/ drHG, 4o (NHw, k) (1) = / dr exp (i(k" — K)r) Ug, (N Ua, a0 (1)

o]

= Z exp (I(k, — k)R) / dr Uj;m(k)(r)me,(kf)(r)
R

unitcell
@) .
unitcell .
unitcell
from (12.130) = CSwm(k),wm/(k’)(S(k/ - k), (2.132)

where Vinitcen 1S the volume of a unit lattice cell, d is the dimensionality of a problem,
and C is a normalization constant. Thus, the overlap integral between the two Bloch
modes is zero if either of the frequencies of their wave vectors are different.

Discrete rotational symmetry Cy
Assume that a system Hamiltonian transforms into itself for a set of discrete rotations
80 = 2wk/N,k = [0, N — 1] around vector Z (example of a point defectina 2D periodic
lattice, Fig. 2.11(e)). The eigenstates of a rotation operator (2.98) written in a cylindrical
coordinate system should then satisfy:

n 2
ReanH(o.0.2) = H (p, o2k z) — C(RH(p. 0. 2). (2133)
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Figure 2.15 Structure exhibiting 2D discrete translational symmetry (left). Structure exhibiting
2D discrete translational symmetry + C, rotational symmetry (right).

One can verify by substitution that eigenfunctions satisfying (2.133) are:

with corresponding eigenvalues:
2
C(K) = exp (—imWnk) . (2.135)

The eigenvalue (2.135) is, however, the same for any m = m + Np, where p
is as integer and m = [0, ...., N — 1]. Thus, the eigenstate (2.134) characterized by an
integer m is a degenerate one. Finally, the eigenstates of a Hamiltonian possessing a dis-
crete rotational symmetry can be labeled with a conserved integerm = [0, ..., N — 1]
and can be expressed as a linear combination of all the degenerate states having the same
eigenvalue (2.135):

Hi(p. 0. 2) = exp(im®) > A(p) exp(ipN&)Un.pn (o, 2) = exp(imo)Un(p, 0, 2)
p

2
Um (ps 9 + Wnkv Z) = Um(pves Z)v
k —integer,m=1[0,..., N —1], (2.136)

where Un (p, 0, 2) is a periodic in 6 function with a period 27 /N.

Discrete translational symmetry and discrete rotational symmetry

Suppose that, in addition to a discrete translational symmetry, a structure also possesses
a discrete rotational symmetry described by the rotational matrix R(f, 66). An example
of such a system can be a square lattice of circular or square rods, as shown in Fig.
2.11(c) or Fig. 2.15. Then, the Maxwell Hamiltonian commutes with such a rotational
operator R(n 56) H=H R(n s9). Consider a particular solution labeled with a wave vector
k and satisfying Maxwell’s equations:

H [Hi) = o?(K) [H)

R R PN ~ , 2.137
R@.s0H IHk) = H[R@,50) IHK)] = 0?(K)[Rn.50) IHK)] ( )
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from which it follows that the rotated eigenstate R sy|Hx) is also an eigenstate with
the same eigenvalue w?(k). Now we demonstrate that eigenstate Ii(ﬁ.;,gﬂHk) is nothing
else but an eigenstate with a properly rotated wave vector Ii(ﬁ,g,@ﬂHk) = |Hy@,50)k) (Up
to a multiplicative constant). Namely, from the definition of a rotation operator and the
general form of a Bloch state it follows that:

Ra.s6) [HK) = exp(ik(R2(A, 86)N)R(A, 56)Uk (M1 (A, 56)r). (2.138)

From the basic properties of a vector dot product we conclude that k(% (A, 50)r) =
(N(A, 00)K)r. As the rotated system maps the dielectric profile of a crystal onto
itself, then for any lattice vector R, \~*(A, 80)R can be different from R only
by a vector of lattice translations. As Uy(r) is periodic with respect to any lat-
tice translation, it follows that ((A, 60))Uk(R (A, 56)r) is also periodic. Therefore,
Fi(ﬁ,g,gﬂHk) = exp(i(N(N, 30)K)r), R(N, 56)Ux(R1A, 50)r has the general form of a
Bloch state, however, with a rotated wave vector. Thus, Fi(ﬁ,éoﬂHk) = |Hy@,s50)k) and
w(K) = w(N(N, 66)K). We conclude that in the case of a periodic system exhibiting
discrete rotational symmetry, the dispersion relation w(k) of the system eigenstates pos-
sesses the same discrete rotational symmetry as system Hamiltonian:

Re.sH = HR@.50) — o(K) = o((h, 56)K). (2.139)

Rotational symmetry substantially reduces the complexity of finding independent
solutions within the first Brillouin zone. In particular, with discrete rotational symmetry
present, one only has to find solutions in a section of a first Brillouin zone, called the
irreducible Brillouin zone, which is unrelated to the rest of the Brillouin zone by any of
the discrete rotations. The dispersion relation in the rest of a Brillouin zone is then given
by (2.139).

Finally, we note that the derivation of this result can be repeated for the case of systems
exhibiting 2D continuous translational symmetry, such as slab and multilayer waveguides
(see Section 2.4.3, discussion of 2D continuous translational symmetry). Indeed, such
systems exhibit continuous rotational symmetry around the axis fi perpendicular to the
multilayer plane. Then, from (2.139), it follows that w(k;) = w(R(A, 60)k;), for any
angle of rotation 56. This, in turn, implies that w(k;) is a function of the transverse wave
vector amplitude only w(k;) = w(|k:).

Inversion symmetry, mirror symmetry, and other symmetries

Symmetries beyond translational and rotational symmetries further restrict the general
form of a solution. Group theory tells us that for 2D periodic structures there exist 17
different space symmetry groups consisting of operations of discrete rotations, reflec-
tions, inversions, etc., while the symmetry of any 3D crystalline structure falls into one
of 230 space symmetry groups. Moreover, group theory concludes that each symmetry
group describing a system defines a number of distinct (in frequency) states (irreducible
representations), whose forms are compliant with all the symmetry operations of a sym-
metry group. Some states can be degenerate with the number of independent degenerate
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solutions equal to the dimension of irreducible representations. Thus, at points of high
symmetry (typically the edges, and especially the corners of a first Brillouin zone) solu-
tions tend to exhibit degeneracy while becoming nondegenerate away from the points of
high symmetry. We will conclude our description of various symmetries by considering
inversion and mirror symmetries. These symmetries are important as they are frequently
present and they allow a simple characterization of modes.

Inversion symmetry

Inversion is present when a dielectric profile transforms into itself under spatial inversion
with respect to a coordinate center: e(r) = e(—r). If the Maxwell Hamiltonian commutes
with the operator of inversion then its eigenmodes H(r) can be chosen as the eigenmodes
of an operator of inversion Oy H(r) = «H(r). Applying the operation of inversion twice
to the same state, one arrives at the original state, thus H(r) = O[O, H(r)] = «?H(r),
from which it follows that « = £1. Note that transformations of the corresponding
electric field can be found using (2.12):

O,E(r) = O, (j(r)A X H(r)) = —ws(i_ )A x H(—r)

= —TA x (O H(r)) = (TA H(r)>

— —aE(r) (2.140)

from which it follows that all the modes of a system possessing inversion symmetry can
be classified as odd or even according to their symmetries:

H(r) = H(-r); E(r) = —E(—r) for even modes

. (2.141)
H(r) = —H(-r); E(r) = E(—r) for odd modes

Mirror symmetry

Mirror symmetry is present when a dielectric profile transforms into itself under spatial
mirror reflection for any plane perpendicular to a certain direction in space: (X, y, z) =
e(x,y, —2), forany z. For example, the 2D photonic crystal in Fig. 2.11(c) has a mirror
symmetry plane perpendicular to 2. Directly from Maxwell’s equations, it can be verified
that if H(r), E(r) are the eigenfields, then using reflection symmetry of a dielectric
constant the following fields are also eigenfields:

—Hi(rt, —=2), Hy(re, —2); Ee(re, —2), —E(rt, —2). (2.142)

Using (2.142) we can thus define the form of a reflection operator O,, commuting
with the Maxwell Hamiltonian as:

Oy, H(r) = (—Hx(rt, —2), Hy(rt, —2))

. (2.143)
O,,E(r) = (Et(ry, —2), —E;(rt, —2))
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Figure P2.1.1 Infinite slit of width a.

One can verify that eigenvalues of the operator (2.143) are 1 and the following sym-
metries hold for the two possible types of solution:

even : Oy, H(r) = H(r) — (=Ht(rt, —2), Hy(rt, —=2)) = (He(rt, 2), Hy(rt, 2))

odd : Oy, H(r) = —H(r) — (—H(re, —2), Hy(r, —2)) = (—H(ry, 2), —H, (1. 2))
(2.144)

In the special case of a 2D system, symmetries (2.144) become very restrictive with
respect to the possible polarization of propagating light. As we have demonstrated earlier,
2D photonic crystals are characterized by a discrete symmetry in 2D plus a continuous
symmetry in 1D. The general form of a solution for such a symmetry (2.125) (the
same for the electric field vector) indicates that if one considers electromagnetic states
propagating strictly in the plane of a photonic crystal with k, = 0, then for such states:

Hio(rt, 2) = Hi o(re, —2)

Ek,o(rt, ) = Ex,o(rt, —2)
Substituting (2.145) into (2.144) leads us to conclude that some of the components of the
fields should be identically zero for the modes propagating strictly in the plane of a 2D

photonic crystal. Thus, all such modes can be classified according to their polarizations
as TE and TM modes:

(2.145)

TM : (0, H,(rt, 2)) ; (Ee(rt, 2), 0)

, (2.146)
TE : (He(rt, 2), 0); (0, E,(ry, 2))

Problems

2.1 Excitation of evanescent waves by a subwavelength slit

Consider an infinitely long slit of width a confined to the plane (X, ¥) and directed along
the axis X (see Fig. P2.1.1).

The boundary conditions in the plane of a slit z = 0 are as follows. Inside the slit,
the magnetic field H(y, z = 0) is parallel to the slit and uniform HyX exp(—iwt), while
outside the slit, the magnetic field is zero.
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Figure P2.3.1 Example of a photonic crystal fiber exhibiting 1D continuous translational
symmetry + Cg discrete rotational symmetry.

(@) Expanding the solution of Maxwell’s equations in the half space z > 0 in terms of
the outgoing and evanescent plane waves, find a complete solution of the problem
satisfying the above-mentioned boundary conditions.

(b) Assuming that the slit is subwavelength, a <« (A = 27 ¢/w), find the dependence of
the evanescent field Heyanescent(Y = 0, 2) for z ~ A.

2.2 Zero derivative of the dispersion relation at the edge of a Brillouin zone

Consider a system exhibiting discrete translational symmetry along the 2 axis with spatial
period a. In this case, as demonstrated in Section 2.4.5 (see the subsection on 1D discrete
translational symmetry) the general form of a solution is given by:

Hok,).k, (1) = exp(ik,z)Uy, (1)

Uy, (r +a2N) = Uy (1), o <kz + 2?” p) = w(ky). (P2.2.1)

Moreover, time-reversal symmetry, w(k;) = w(—Kk;), limits the choice of the distinct
wave vectors to the first Brillouin zone k; = [0, 7/a]. Demonstrate that at the edge
of the Brillouin zone, the derivative of the dispersion relation dw(k;)/dk;|./a is zero.
Hint:

o

2.3 One-dimensional continuous translational symmetry and Cy discrete
rotational symmetry

Find the general form of a solution of Maxwell’s equations for the system exhibiting 1D
continuous translational symmetry plus Cy discrete rotational symmetry. An example
of a system having such symmetry is a photonic crystal fiber, shown in Fig. P2.3.1.
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X z a

Figure P2.4.1 Example of a system exhibiting 1D discrete translational symmetry plus Cg
discrete rotational symmetry: the case of a Bragg grating written into a photonic crystal
fiber.

2.4 One-dimensional discrete translational symmetry and C\ discrete
rotational symmetry

Find the general form of a solution of Maxwell’s equations for the system exhibiting
1D discrete translational symmetry plus Cy discrete rotational symmetry. This is a
symmetry of Bragg gratings written into photonic crystal fibers, shown schematically in
Fig. P2.4.1.

2.5 Polarization of modes of circularly symmetric fibers

In what follows we consider modes of a circularly symmetric fiber, shown schematically
in Fig. 2.9(d). Such a system exhibits continuous rotational and translational symmetries.
The dielectric function of a fiber cross-section is assumed to be invariant under the
rotation around the fiber axis.

(@) Directly from Maxwell’s equations (2.11), (2.12) verify that if H(p, 0, z), E(p, 0, 2)
are the eigenfields of a fiber, the following fields are also eigenfields of the same
frequency:

Hp(pa _91 2)9 _HH(pv _97 Z)v HZ(p1 _97 Z)

. (P2.5.1)
_Ep(ps _05 Z)v EG()O’ _97 2)5 _EZ(on _99 Z)
(b) For the fiber mode fields in the form
H ,0,2) = exp(im8) exp(ik,z)h
m(p ) p( ) exp(ik.z)hm(p) (P2.5.2)

Em(p. 0., 2) = exp(imd) exp(ik;z)em(p)

demonstrate that from (a) it follows that modes of the opposite angular momenta
m, —m are degenerate. Using (P2.5.1) find expressions for the fields H_p, (o, 6, 2)
and E_p(p, 0, ) in terms of hy,(0) and en (o).

(c) Define the action of an angle reflection operator &5, on the vector fields
H(p, 0, 2), E(p, 0, 2) as:

&QH(r) = (Hp(p’ _95 Z)v _Hg(p, _97 Z)a HZ(p9 —6, Z))

R . (P2.5.3)
O'@E(r) = (_Ep(pv _97 Z)’ E@(Ior _09 Z)v _EZ(IO’ _9’ Z))
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From (P2.5.1) it follows that such an operator commutes with the Maxwell Hamil-
tonian. From (P2.5.3) one can then verify that eigenvalues of the 6, operator are
o = %1, thus defining two possible symmetries of the fiber mode fields. Expanding
the eigenmodes of an angle reflection operator 6, into the linear combination of two
degenerate eigenmodes in the form (P2.5.2) with m, —m:

H(p79a Z) = AHm(p’972)+ BH—m(paevz)’ (P254)

find explicit dependence of the eigenfield components on the angle 6 for each of the
two polarizations.

(d) Forthe m = 0 value of angular momentum, for each of the two polarizations, which
of the field components become zero? (This is a case of so-called TE- and TM-
polarized modes.)
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One-dimensional photonic
crystals — multilayer stacks

In this chapter, we will consider reflective properties of planar multilayers, and guidance
by multilayer waveguides. We will first introduce a transfer-matrix method to find elec-
tromagnetic solutions for a system with an arbitrary number of planar dielectric layers.
We will then investigate the reflection properties of a single dielectric interface. Next, we
will solve the problems of reflection from a multilayer stack, guidance inside a dielectric
stack (planar waveguides), and finally, propagation perpendicular to an infinitely periodic
multilayer stack. We will then describe omnidirectional reflectors that reflect radiation
completely for all angles of incidence and all states of polarization. Next, we will discuss
bulk and surface defect states of a multilayer. We will conclude by describing guidance
in the low-refractive-index core waveguides.

Figure 3.1 presents a schematic of a planar multilayer. Each stack j =[1...N] is
characterized by its thickness d; and an index of refraction n;. The indices of the first
and last half spaces (claddings) are denoted ng and ny 1. The positions of the interfaces
(except for j = 0) along the Z axis are labeled zj, j = [1... N + 1], whereas zo can
be chosen arbitrarily inside of a first half space. In the following, we assume that the
incoming plane wave has a propagation vector k confined to the xz plane. The planar
multilayer possesses mirror symmetry with respect to the mirror plane xz. From the
discussion in Section 2.4.6 it follows that electromagnetic solutions of a planar multilayer
can be classified as having TE or TM polarizations with the vector of electric field either
directed perpendicular to the plane xz, for TE polarization, or parallel to it, for TM
polarization.

Transfer matrix technique

The general form of a solution for a multilayer stack (from (2.106), where k; = (kx, 0)), is
Hy, (r) = exp(ikxx)Uka(z); Ex, (r) = exp(ikxx)UkEx(z). In each of the layers, the dielectric
profile is uniform, thus the fields can be represented as a sum of two counter-propagating
plane waves with the same projection of a propagation vector k.

Multilayer stack, TE polarization

Defining A;j and Bj to be the expansion coefficients of the electric field component
E§(x, Yy, ) in terms of the forward- and backward- (along the Z axis) propagating waves
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My g

Figure 3.1 Propagation in a planar multilayer, showing the directions of electromagnetic fields
for the TE and TM polarizations.

inside a layer j, we write:
EJ(x. Y. 2) = exp(ikx) (A exp(ik] (z — zj)) + Bj exp(—ik] (z — z}))) . (3.1)

The corresponding magnetic field components from (2.19) are:
; N o o
H)(x,y.z) = —expikyx)— (A;j exp(ik! (z — zj)) — Bj exp(—ik(z — z;)))
w
: k . :
H)(x,y,2) = exp(ikxx);X (Ajexp(ik)(z — zj)) + Bjexp(—ikl(z — zj))). (3.2)

where kZ + (kzj )? = w?ej. The solutions in each of the adjacent slabs j — 1and j have to
be related to each other by the boundary condition of continuity of the field components
parallel to the interface j. At the interface j positioned at zj, the condition of field
continuity results in the following equations:

He (X, y,zj) = H{ (X, Y. Zj)
Ey'(x.y.2j) = EJ(x, ¥, 2))

Ko ki iy
———exp(ik) Y (zj — zj_1)) Texp(—lkg’l(zj —2j_1)) (Aj_l) _
epoikzj_l(z i —750)) exp (—ik! (2 - 2;-) By

kI ki
_K K a3
( o ?)(&), (33)

which can be rewritten in terms of a so-called transfer matrix M;j_, j relating the
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expansion coefficients in the adjacent layers:
Aj_1 Aj
B Bj
kI -1 kI -1
(1+ " exp<|Z d,-_l> 1-— " exp(—lkZ dj_l)

(3.4)

Given the expansion coefficients Ag and By in the first half space, the expansion coeffi-
cients Aj and Bj inany layer j can be found by multiplication of all the transfer matrices
in the intermediate layers:

Aj Ay
<B:> = Mj—l,j-“MlazMO,l(BO)- (3.5)

3.1.2 Multilayer stack, TM polarization

Defining A; and B; to be the expansion coefficients of the magnetic field component
Hy (x, y, z) in terms of the forward- and backward- (along the 2 axis) propagating waves
inside a layer j, we write:

HJ(x. y. 2) = exp(ikcx) (Aj exp (ik} (z — zj)) + Bj exp (—ik}(z — z)))) - (3.6)
The corresponding electric field components from (2.19) are:

) J ) )
Ei(x,y,z) = exp(ikxx)k—; (Ajexp (ik) (z — z;)) — Bjexp (—ik} (z — zj)))
WEj

El(x,y,2) = —exp(ikxx)k—; (Ajexp (ik}(z — zj)) + Bj exp (—ik! (z — z))),
wej
3.7)

where k2 + (kzj)2 = w?ej. The solutions in each of the adjacent slabs j — 1and j have to
be related to each other by the boundary condition of continuity of the field components
parallel to the interface j. At the interface j positioned at zj, the condition of field
continuity results in the following equations:

ESNX, Y, 7)) = EX(X, Y, 2))

_ Hy 7 (x, y,2j) = H) (X, Y, 2))
kit i kKt iy
— exp (ik;7H(zj —zj-1)) ———exp(—ik{7H(zj —zj-1)) (Aj_]_)
wej—1 _ wej_1 . B =
exp (ikz‘_l(z,- - zj,l)) exp (—ikz‘_l(zj — zj,l)) -

kJ ~ k) N
WEj WEj B/’ (38)
1 1 !
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Ao =
M
M
Min
BN+1 =0
(a) (b) (c)
Mk Mhlh Mg Man M
elg(Mhlh)l z1 elg(MhIh)l = 1

Bloch theorem|e|g(Mhlh)| =1
(d) (e)

Figure 3.2 Examples of scattering problems. (a) Reflection from a finite multilayer.
(b) Reflection from a semi-infinite periodic multilayer. (¢) Finite multilayer waveguide.
(d) Infinite periodic multilayer. (€) Infinite periodic multilayer with a defect.

which can be rewritten in terms of a so-called transfer matrix M;_1 ; relating the expan-
sion coefficients in the adjacent layers:

(A (A
Mi-vj <Bj—1) B (Bi)
kjfl i . kl-*l i .
(1 + kzj £ ) exp (ikzj_ldj,l) (1 - kzj £ ) exp (—ik}‘ldj,l)
1 . .

M 7€j-1 7€j-1
i-Lji =3 - .
’ 1-— kZJ. lgj exp (ikzj’ldj_l) 1+ kzj. 18] exp (—ikzj’ldj_l)
kzjsj,l kzjsj,l

(3.9)

Given the expansion coefficients Ao and By in the first half space, the expansion coeffi-
cients Aj and Bj in any layer j can again be found by multiplication of all the transfer
matrices in the intermediate layers as in (3.5).

313 Boundary conditions

Depending upon the nature of the scattering problem and the geometry of the multilayer,
the boundary conditions vary (see Fig. 3.2). We will consider five cases of interest:
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reflection from a finite multilayer (dielectric mirrors), reflection from a semi-infinite
periodic multilayer (dielectric photonic crystal mirror, omnidirectional reflector), guiding
within a finite multilayer (slab waveguides), guiding in the interior of an infinitely periodic
multilayer (planar Bragg gratings), and guiding in the defect of an infinitely periodic
multilayer (planar photonic crystal waveguides, hollow waveguides).

Reflection from a finite multilayer (dielectric mirror)

In the problem of scattering from N dielectric layers surrounded by two cladding regions
(see Fig. 3.2 (a)), Ay is a known coefficient of the incoming plane wave and is usually
assumed to be unity, By is a coefficient of the reflected wave, and Ay, is a coefficient
of the transmitted wave. The coefficient By 1 = 0, as there is no incoming wave from
the other side of the multilayer. From (3.5), it follows that incoming, reflection, and
transmission coefficients are related by the following relation:

A 1
NFL) = Myns1-. . MiaMos , (3.10)
0 Bo

which can easily be solved by matrix rearrangement followed by inversion. In particular,

) o () -3 32)(2)
( 0 ) N,N+1 1,2Mo,1 Bo a1 a2 Bo

a dj1dz2 —aiedn

3 (3.11)
— Bo = —;’2; ANy =

a2

As an example, consider scattering from a single dielectric interface when coming
from a region of low index of refraction n; into a high index of refraction ny,. For a single
interface, product (3.10) contains a single transfer matrix. Using explicit forms of the
transfer matrices for TE (3.4) and TM (3.9) polarizations we get for the corresponding
reflection coefficients:
k' — k" orm _ enky' — alkgh

DAk ek + ek (3.12)
k' = Jw?en — kZ; k] = \/w?e — k2.

The TE power reflection coefficient |BJE|? is never zero for any angle of incidence,
and it increases monotonically, |BJE| > (n, — ny)/(nn + ny), as the angle of incidence
becomes larger. The TM power reflection coefficient |BJM|2, however, becomes zero
when the angle of incidence of an incoming plane wave reaches a so-called Brewster’s
angle, 6g = tan—1(ky/k")g = tan—1(ny/n;), at which there is no back-reflection of TM
polarization.

In Fig. 3.3, we present a sketch of the reflection coefficients of a dielectric interface
with np > n;. Note that the reflection of TE-polarized light improves for a larger index
contrast. For TM polarization, however, at the Brewster’s angle, reflection becomes zero.
For grazing angles of incidence (6 ~ 90°), the reflection for both polarizations becomes
close to unity.

TE _
BgE =
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Figure 3.3 Single interface dielectric mirrors exhibit strong angular and polarization dependence
(n; = 1; ny, = 2.8). The reflectance of a mirror becomes more uniform for all polarizations and a
wider range of angles as the index contrast increases; however, owing to the presence of a
Brewster’s angle for TM polarization, there is always an angle where the reflection of TM
polarized light is zero.

To conclude, the reflection property of a single dielectric interface is a sensitive func-
tion of the angle of incidence of light as well as the light polarization. While high index
contrast improves the reflection of TE-polarized light for all angles of incidence, efficient
reflection of TM-polarized light for all angles of incidence is problematic because of the
existence of a Brewster’s angle.

Reflection from a semi-infinite multilayer (dielectric photonic
crystal mirror)

In the next example we consider a semi-infinite periodic multilayer made of a repeated
bilayer (see Fig. 3.2 (b)). Each bilayer is made of layers of low refractive index, n;, and
high refractive index, n,, materials with corresponding thicknesses d; and dy,. Given the
coefficients of the incident and reflected waves Ag, By the expansion coefficients A; and
B; inany layer j can be found using (3.5). In the case of a finite multilayer reflector, to
relate coefficients Ag, B we have used a condition of no incoming plane wave from the
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opposite side of the multilayer (3.10). In the case of a semi-infinite periodic multilayer
this condition should be modified.

To find the appropriate boundary condition we rewrite (3.5) in such a way as to account
explicitly for the periodicity of a structure. In the following we assume that the high
index layer borders with a semi-infinite cladding material. There are only three types of
transfer matrix involved. The first one Mgy, relates the fields in the uniform half space
and a high-index material. The second transfer matrix My, relates the fields in the high-
and low-index materials. Finally, the third transfer matrix My, relates the fields in the
low- and high-index materials. Thus, for the layer j = 2N + 1, where N is the number
of bilayers in between the uniform half space and a layer of interest, we can rewrite (3.5)
as:

Aj A A
( BJ- ) = MinMpi . .. MinMpi Moy < BO> = (MinMp))N Mon (BO> . (313)
j 0 0

For a physical solution, the field coefficients in (3.13) have to be finite for any layer
j — 400 to avoid unphysical infinite energy flux. Consider in more detail the properties
of a bilayer matrix My, = My, My,. Defining Vi, to be a nondegenerate matrix of My,
eigenvectors, and

to be a diagonal matrix of My, eigenvalues we can write My, = Vh|hAh|thThl. Substi-
tution of this form into (3.13) gives:

A\ _ N /-1 Ao\ _ Ao 1 Ao
( B, ) = Vhih Apin Viin Mon <Bo) = Vhin ( 0 Vi Mon B, ) (3.14)

To guarantee that, for any N — 400, the expansion coefficients Asny1 and Bonag
are finite one has to choose incidence and reflection coefficients Ag, Bg in such a way
as to excite only the eigenvalues with magnitudes less than or equal to 1. As we will
demonstrate shortly, the eigenvalues of a transfer matrix are related to each other as
A1A2 = 1. Therefore, only two cases are possible. In the first case, one of the eigenvalues
has a magnitude smaller than 1, while the other eigenvalue has a magnitude larger than
1. As will be seen in what follows, this corresponds to the case of a true reflector. In the
second case, both eigenvalues have magnitudes equal to 1. This case will be treated in
more detail in the following section.

In what follows we concentrate on the case of a true reflector, assuming |11] < 1,
|A2] > 1. The incidence and reflection coefficients exciting A; can then be chosen as:

A _
(8)- e )

which can be verified by its direct substitution into (3.14). The field expansion coefficients
in the high-refractive-index layer j = 2N + 1 will then be:

(g’f ) — )V, (3.15)
]
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where the value of the coefficient « is typically chosen to normalize the amplitude of
an incident field |Ag| = 1. Note the exponentially fast decay of the field coefficients
(3.15) inside of the reflector when N — +o0, signifying that electromagnetic fields
are decaying exponentially inside a periodic reflector. In turn, this means that deep
inside the reflector (N — +o0) there is no energy flux perpendicular to the reflector,
thus, in the absence of material losses, reflection is complete and |Bg|? = | Ag|?. The
number of bilayers inside the reflector after which the field is strongly attenuated can be
estimated as Nattenuation ~ 1/Iog(|k1‘1|), where Iog(|xl‘1|) can be defined as a field decay
rate.

We now consider optimization of the multilayer reflective properties. Despite the
fact that, in practice, multilayer reflectors are finite, they can still be used for efficient
reflection if the number of bilayers in them exceeds Nagenuation- The optimization of the
reflector will then be understood in terms of the reduction of Nagenuation, OF, alternatively,
in terms of the reduction of the absolute value of 1;. In particular, for a given angle of
incidence (for a given k,) we will now find what layer thicknesses maximize the field
decay rate (minimize |11|) inside a multilayer. The following consideration is the same
for TE and TM modes. We define the following ratios and phases:

ky

: enky
Mte=r5 I =
I(Z

ek} (3.16)
dn = (Ki'dh); ¢ = (kidy).
In this notation, the bilayer transfer matrices can be written as:
MTET™ _ 1 ((1 + rTE™) exp (igy) (1 —r™&™)exp (—i¢|)> y
" (1= rTET) exp (i) (1+rTE™) exp (—igy)

4
((1 + e 1) €XP (ighn) (1 — rg 1) €XP (—i¢h)) (3.17)
(L= rrer) €xp (ign) (1 + rrg 1) exp (—ign)
The quadratic equation defining eigenvalues of the bilayer transfer matrix (3.17) is
then:

A% — a(2cos(¢n)cos(¢n) — (rre.tm + e 1a) SiN(gn) sin(¢n)) + 1 = 0. (3.18)

Now we find the largest and the smallest possible eigenvalues by finding a point of
extremum of an eigenvalue in (3.18) with respect to the phases ¢, and ¢;. In partic-
ular, we find the values of the phases such that d1/9¢, = d1/d¢, = 0. By differenti-
ating (3.18) with respect to each of the phases we arrive at the following system of
equations:

On  M@sin(gn)cos(@n) + (rre.mm + Frerm) COS(@n)sin(@))
Idn (21 — (2c08(¢pn)Ccos(hr) — (rrem + rT_éTM) sin(gn) sin(é)))
o A(2sin(gn)cos(¢n) + (rre.tm + r{éTM) cos(¢) sin(¢n))

I (2% — (2c05(¢n)cos(d1) — (Fre 1w + Fre 1) SiN(@n) Sin(g)
(3.19)
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Figure 3.4 TE, TM field decay rates per bilayer for different quarter-wave stacks designed to
operate at an angle of incidence 6y. (2) &0 < enei/(en + &) Ny = 1.5;ny = 2.5;ng = 1.0 (air) .
(b) &6 > enei/(en + &) (N = 1.5;n, = 2.5; ng = 1.32 (water)).

For any designated incidence angle, the solution of (3.19) is simply:

¢n = %(ZPh +1); ¢ = %(Zpl +1)
—~ Kidy = Z(@pn + 1); Kidi = Z(2p1 + 1), (3:20)

for any integer pp, p;. The condition (3.20) presents a quarter-wave stack condition
generalized for a designated angle of incidence 6. For the quarter-wave stack multilayers,
magnitudes of the eigenvalues are then either [x{~™| = rre v or |35 ™| = I 1y

For TE-polarized light, the smallest eigenvalue is:

kl 0)28| — k2 & — EOSiﬂz(Qd) 4
AE =rpp =2 = X = <1,V63C|0,=|. (321
2.5 = rre kh \/wzsh — k2 \/sh — £,5IN%(6y) ¢ [ 2] (3:21)

Thus, for any choice of ¢, < € < &, and for any designated angle of incidence 64 the
choice of a quarter-wave multilayer stack (3.20) guarantees a complete reflection of a
TE-polarized wave. In Fig. 3.4 (a) we present |11] of a quarter-wave stack reflector as a
function of a designated angle of incidence 8y C [0, 7r/2). Note that for TE-polarization,
the efficiency of the quarter-wave reflector increases for grazing design angles
(B ~ 90°).

For the TM-polarized light, the consideration is somewhat more complicated. Analysis
of eigenvalues for TM polarization shows that depending on the value of a cladding
dielectric constant, ¢, the smallest eigenvalue can be either rry or rT‘h},. Thus, when
g0 < €16n/(&1 + &n),

1 Kh — &,5in°(6)
pmy = Lo_ake e e eosin )y g, [0.7]. @22
rrm ekl en & — g0 Sin“(6g) 2




68

3.3.1

One-dimensional photonic crystals — multilayer stacks

otherwise, when gien/(e) + &) < & < &

1 kD — gosin’(0
pj= Lok e mesSinC) g o g
rtm &‘hkz En\ & — &SIN (Qd)

! — £osin%(0

2 o [ o)y g, [60. 2] (3.23)
ekl e\ en — go8in*(64) 2

L €1€n

0o =sint [ —— .
° &0 (&1 + &n)

In Fig. 3.4 (a) we demonstrate |1;| for TM polarization as a function of a designated
angle of incidence when ¢, < ene1/(en + &1).

Asseen from Fig. 3.4(a), in this regime, for any value of a designated angle of incidence
IATE| < |A™] < 1, thus it is possible to design a semi-infinite reflector that reflects both
polarizations simultaneously. Note also that the penetration depth of TM polarized light
into a multilayer is always larger than that of TE polarization for any designated angle
IATE] < (AT

In Fig. 3.4 (b) we demonstrate |A;| for TM polarization as a function of a designated
angle of incidence when e, > enei/(en + &1). As seen from Fig. 3.4 (b), for the designated
angle 6o, |Atm| = 1 and there is no TM field decay into the multilayer. Moreover, for
any designated angle in the vicinity of 6,, the TM field will extend greatly into the
multilayer, therefore no efficient multilayer exists in the vicinity of 6,. As, in practice,
one always deals with a finite number of bilayers, this also signifies that there will be a
range of angles of incidence for which it will be impossible to design an efficient TM
reflector.

To summarize, for a TE-polarized wave and any design incidence angle, a corre-
sponding semi-infinite quarter-wave periodic multilayer will reflect light completely. If
the cladding refractive index is low enough, g, < ene/(en + &), the same multilayer will
also completely reflect TM-polarized light. In the case when the cladding index is not
low enough &, > enel/(en + &), there will be an angle of incidence for TM-polarized
light 6, = sint Veien/eo(er + en) for which it will be impossible to design an efficient
periodic reflector. For both TE and TM polarizations and a given angle of incidence, the
most efficient reflector (with the least penetration of the fields inside a multilayer) is a
quarter-wave stack, defined by (3.20). The field penetration into the multilayer is always
higher for TM polarization than for TE polarization, and decreases for both polariza-
tions as the index contrast ¢y, /¢) increases. Note also from (3.15) that for a finite number
N of bilayers the radiation energy flux passing through a finite size reflector will be
proportional to |Aq|N.

Omnidirectional reflectors |

In the previous section we have demonstrated that for a given frequency wy = 27 /Ao and
a designated angle of incidence 64 onto a cladding-reflector interface, the most efficient
periodic reflector is a quarter-wave stack with thicknesses defined by (3.20). In particular,
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for the thinnest stack the individual layer thicknesses are:
Ao

4,/n?, — nZsin?(6g)

where the refractive indices of the reflector layers are ny, ny,, and the cladding refractive
index is ng.

Although designed for a particular frequency and incidence angle, a quarter-wave
reflector (3.24) remains efficient even when used at other frequencies and incidence
angles. In fact, the refractive index contrast plays a key role in determining whether the
periodic reflector remains efficient when used outside of its design regime. Consider, for
example, a quarter-wave reflector designed for a normal angle of incidence 63 = 0. In
what follows we consider nj = 1.5, while n,, can take any value in the interval [1.5, 3.2].
For a given value of n, we then investigate efficiency of a quarter-wave stack (3.24) for
incidence angles different from a design one 6 # 64 = 0. In particular, we scan the value
of an incidence angle 6 C [0, 90] and record whether an infinite reflector is efficient or
not. To judge on the reflector efficiency, for every individual polarization, we look at
the smallest eigenvalue [1]~ ™| of a bilayer transfer matrix (3.17). According to the
arguments of a previous section, if [»,= | < 1 then a reflector containing more than
Nattenuation = 1/10g(1/|1= ™) bilayers will efficiently reflect an incoming radiation.
In Fig. 3.5 we present regions of reflector efficiency for both polarizations. Note that
for TE polarization, if n, > 2.24 then a quarter-wave reflector designed for a normal
incidence will actually be efficient for any angle of radiation incidence. This regime is
called omnidirectional reflection. Moreover, when n, > 3.13, the same reflector will be
efficient for both polarizations and any angle of incidence. In the same figure we also
present contour plots to indicate the Natenuation OF the bilayers in the reflector necessary
to achieve efficient reflection. Note that the reflection of TE polarization is always more
efficient than that of TM polarization, thus requiring a smaller number of bilayers in the
reflector, and a smaller refractive index contrast, to achieve the same reflector efficiency.

dip = (3.24)

Guiding in a finite multilayer (planar dielectric waveguide)

In the problem of guiding inside a multilayer structure comprised of N dielectric layers
surrounded by two semi-infinite cladding regions (see Fig. 3.2 (c)), the field coefficients
corresponding to incoming waves from infinity onto a waveguide should be zero: Ag = 0,
Bn+1 = 0. The nonzero coefficients By and Ay 1 correspond to the outgoing waves from
the core region. From (3.5), it follows that:

AN+1) < 0 ) (31 1(kx) a12(kx) ) ( 0 >
=M ... M 2M = ’ '
( 0 wA e TR By (k) (k) ) \ Bo
— a22(kx) = 0; Any1 = a1.2(Kx) Bo, (3.25)
which represents a root-finding problem with respect to ky, while By becomes a normal-

ization constant that can be chosen at will. The simplest example of a planar waveguide
is a slab waveguide, which is considered in Problem 3.1. For every polarization, the
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Figure 3.5 Regions of efficient operation of a quarter-wave stack designed for a normal angle of
incidence 63 = 0; n; = 1.5; n, = 2.8. As gray regions, we present regions of reflector efficiency
(where [AJE| < 1 or |A[M| < 1). For a given choice of ny, there is always a range of incidence
angles where the reflector is efficient. Moreover, for a high enough index contrast (n, > 3.13)
the reflector remains efficient for all the angles of incidence and any polarization: this is a region
of omnidirectional TE, TM reflection. Contour plots indicate the smallest number of bilayers in
the reflector necessary for efficient reflection (defined as Nagenuation = 1/109(1/]111)). Note that
the reflection of TE polarization is always more efficient, with a smaller index contrast
necessary for the onset of omnidirectional reflectivity (n, > 2.24 compared with n, > 3.13 for
TM polarization).

modes of a slab waveguide can be presented using a band diagram of the type shown in
Fig. 2.10 (c).

Guiding in the interior of an infinitely periodic multilayer

We now consider electromagnetic modes of an infinite periodic multilayer. \We are going
to show that for such multilayers there exist regions of the phase space (ky, k;, @) where
no delocalized states are permitted. We will call such regions of phase space bandgaps.
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Within a bandgap, the modes of a multilayer are evanescent, exhibiting either exponential
growth or decay. The existence of bandgaps in infinite reflectors is directly related to the
ability of a finite reflector of identical composition and structure to reflect light. Namely,
we will demonstrate that a finite size reflector will be effective in reflecting a plane wave
characterized by the propagation constant k, and frequency w, if (ky, k;, ) finds itself
within a photonic bandgap of a corresponding infinite reflector of the same geometry
and composition.

From the discussion of Section 2.4.5 (see the subsection on 1D discrete translational
symmetry) it follows that general form of a solution extended in space in the infinitely
periodic multilayer (see Fig. 3.2 (d)) satisfies the Bloch theorem. In particular, for a
discrete symmetry along Z and period a = d; + dp, there is a conserved quantity k,, such
that delocalized waves have the form:

H _ H
+aN2) = k,aN < ) . 3.26
(E)kx,kz(r Ny =eikan) () @ (3.26)

The explicit form of the fields can be found using (3.2), (3.7), where for TE polarization,
for example, in a matrix form:

(Hx_"(x,y,z)

_%exp (ik}(z—z,-)) %exp (—ik}(z—z,-)) A
Ey(x.y.2) ( )

= exp(ikgx) _ .
) exp (ikg (z— zj)) exp (—ikzJ (z - zj)> Bj
(3.27)

For TE waves in the form (3.27), we apply the Bloch theorem (3.26) to the H, and
E, field components in the layers j and j + 2N (layers separated by N bilayers), and

taking into account that KIP2N — k) we get:

j+N J
( AN +aN)) = exp(ik,aN) (H*. by, Z)) . (3:28)

E{™N(x,y.z+aN) EJ(X,Y,2)
Substitution of (3.27) into (3.28) leads to the equation independent of position z:
(AHZN ) = exp(ik,aN) (Ai ) . (3.29)
Bjon B;

Coefficients separated by N bilayers are connected by a product of N identical bilayer
transfer matrices. Assuming that layer j is of higher dielectric index, then (3.29) can be
rewritten as:

]

(M) ( gi > = exp(ik,aN) ( gj_' > . (3.30)

Using the presentation of the transfer matrix in terms of its eigenvalues and eigenvectors
Mpin = VhIhAhIthThl: we write (3.30) as:

. _ A
Vi (AN, — exp(ik,aN)) Vit ( BJ- ) =0,
j

hence:

A1 = exp(ik,a); (g’ ) = Vﬁ,h (3.31)
j
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or, alternatively,
. Aj 2
L2 = exp(ik,a); ( B{ ) = Vi
j

We thus conclude that for a delocalized state to exist inside a periodic multilayer, one of
its eigenvalues has to be a complex exponential in the form (3.31), while a vector of the
expansion coefficients will then be one of the eigenvectors of a bilayer transfer matrix.
In Section 3.5.1 we have demonstrated that for a semi-infinite periodic reflector to be
effective, the smallest eigenvalue of a corresponding bilayer transfer matrix has to be less
than one. In the regime described by (3.31) absolute value of an eigenvalue is one, and
therefore a corresponding semi-infinite reflector is not effective, as it allows excitation
of an infinitely extended radiation state in the bulk of a semi-infinite multilayer.

Exactly the same analysis can be conducted for the TM modes, where instead of
H, and E, field components we use H, and E, field components. From the form of a
quadratic equation (3.18) for the eigenvalues of a bilayer transfer matrix, it follows that
eigenvalues have the following properties:

MAz =1, A1 + Az = 2c08(¢n)cos(¢r) — (rrem + fféTM) sin(¢n) sin(¢). (3.32)

From (3.32) it follows that if A, = exp(ik;a), then 1, = exp(—ik;a),andhence A; + A, =
2 cos(k;a). Thus, the equation for a Bloch constant of delocalized waves becomes:

cos(kza) = €0s(¢n)cos(¢r) — & sin(¢n) sin(¢), (3.33)

where ETE™ — (rg v + r{éTM)/Z, |ETETM| > 1 and the phases ¢y, ¢ are as in (3.16).

We now discuss in detail the dispersion relation of Bloch states presented in Fig. 3.6. We
first assume that propagation is strictly perpendicular to the plane of a multilayer, namely
ky = 0. We use an optimal quarter-wave reflector design for a frequency wy = 27¢/ Ao,
so that

by = 1, = woNny = @), = wonidy = /2,

I =re =rm=n/n

As established in Section 3.1.3, a semi-infinite periodic multilayer with this chosen
geometry will completely reflect radiation of frequency wp. Thus, one expects that there
will be no propagating states at such a frequency inside an infinite periodic multilayer with
the same geometry. In particular, by imposing a quarter-wave stack condition in (3.33)
we get cos(k,a) = —&, and as |£| > 1, it follows that there are no real solutions of this
equation and hence there are no delocalized (propagating) waves inside the multilayer.
However, in the middle of a bandgap there are still complex solutions satisfying (3.33)
in the formk, = w/a + ix:

ax = cosh™1(&) = + log(r), (3.34)
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Figure 3.6 Dispersion relations of delocalized modes propagating perpendicular to the
quarter-wave periodic multilayer. (a) Low refractive index contrast multilayer (example of
n; = 1.5, n, = 1.8). The size of a bandgap is proportional to the refractive index contrast.
(b) High-refractive-index contrast multilayer (example of n; = 1.5, n, = 4.5). The size of a
bandgap is comparable to wy.

which defines exponentially decaying or diverging waves along the direction of propa-
gation with a characteristic decay or divergence length lg:

klg = |log(r)|lg/a ~ 1 — Iy = a/log(ny/ny). (3.35)

Now consider the field distribution in decaying and divergent waves. By first finding
eigenvectors of a bilayer transfer matrix (3.31), we find expansion coefficients in a high-
index layer. Multiplying these coefficients by a transfer matrix between high and low
index layers we then find the expansion coefficients in the low index layer. In particular,
at the center of a bandgap, the eigenvectors of a bilayer transfer matrix are:

<g>i/a+nx| - % <_11) / (g)i/a_m - % <i> ’ (3.36)

while the expansion coefficients in the low-refractive-index layers can be found as:

(8., =m(8).,., =3()
= WVin =3
B 7 /a+ilk| B /a+ilk| 2\1

(8), () ~a ()
= Mp =5 .
B 7/a—ilk| B 7/a—ilk| 2r \ -1

From (3.27) it follows that the general expressions for the field and the field intensity
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are:
Eth(; T4 — akh ; Lhy 4 ghh i Ih
y 27 a ||K| - n/aj:”,dexp(kﬁwon )+ n/a:l:”/(‘exp( I¢won )
T 2
E'*h(z,—:l:i )‘ =
‘ y a el

+2 [Re <A:-;?aii|/<| Bf/?ii\ﬂ) €0S(20,n"") — I (A:;t/]aii\;d B;I/’:inm) SIN(2Puw, Ul‘h)] )
(3.37)
where n"" = (z — z;)/di.n, and 0 < 5" < 1 for each of the layers. In the particular case
of the coefficients (3.36), for a single bilayer we have:

2

Bl,h

I,h
A 7 /atilk|

7 /atilk|

+

T

EP (z, % +i |K|) — _isin (E"h) ,
(1)

E, (z, T4 |/c|> = —icos
a

: (3.38)

and similarly:
(T ) =eos (3.
6 (i) = Ln(30).
e e 2 ) = (1)
B T ) = S (5o o2

In Fig. 3.7 we present plots of the electric field intensities in the middle of a bandgap
for the decaying and diverging modes over two periods. From the form of (3.33) it also
follows that any two frequencies separated by a multiple of 2wg will have the same value
of propagation vector. Thus, the bandgap is periodic in the frequency direction with
a period 2wy. Finally, we note that if the quarter-wave-design condition is relaxed, in
addition to the wide bandgaps at wg - (2p + 1), where p is an integer, narrow bandgaps
at wg - 2p will appear.

We now find the extent of a bandgap Aw around wg in which no delocalized states
are allowed. At the edges of a bandgap wo + dw the value of a Bloch propagation
constant is k, = 7r/a, while the phases can be written as ¢ ,,, = ¢! ., =m/2-
(1 £ dw/awy). After substitution into (3.33) we get:

. (7 dw E—-1 nh—n
sinf =—— | =, /—— = . 3.40
(2600) VE+1 nntn (3.40)
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Figure 3.7 (a) Field intensity in the decaying mode at the bandgap center (k, = r/a + i|k|, wp).
(b) Field intensity in the diverging mode at the bandgap center (k, = /a — ||, wg). Only two
periods are shown. In both examples ky = 0.

The size of abandgap is defined as Aw = 2b6w. There are two limits when the bandgap
size can be found analytically from (3.40) using Taylor expansions. In particular, in the
case of a small index contrast, the relative size of a bandgap is directly proportional to
the refractive index contrast:

Aw _ 4n,—n
wo (—m)/m<L 7T Ny 4Ny

(3.41)

In Fig. 3.6 (a) we present the dispersion relation of the reflector Bloch states in the limit
of a small refractive index contrast. Everywhere except near the edge of a Brillouin
zone band diagram is similar to one of the delocalized states of a uniform dielectric
with effective refractive index naq = (nndn + nid;)/a. At the edges of a Brillouin zone
k, = 4+ /a, a bandgap appears with a size proportional to the bilayer refractive index
contrast. Inside a bandgap there are no delocalized states allowed.

In the limit of high-refractive-index-contrast:

Aw 2 4\/? ny
wg M/l 7 Vny

, (3.42)

the size of a bandgap is almost twice the value of a bandgap center frequency, and it is
not sensitive to a particular value of the refractive index contrast see Fig. 3.6(b).

We now find propagation constants for the evanescent solutions with frequencies close
to the bandgap edges w = wy + Aw/2 F dw,. Near the bandgap edge, the complex-
valued Bloch propagation constant will have the formk, = 7 /a + ix. Performing Taylor
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expansion near v = wy + Aw/2, we get:

o
ac = [ogIn MO (3.43)

NhN o

This defines decay length in the multilayer ed~ 1/k ~ 1//8we.

From time-reversal symmetry and the Bloch theorem, it follows that the curvature of
the bands is zero at k, = =+ /a (see Problem 2.1), thus signifying that the group velocity
for these solutions vy = dw(k;)/ 0k, is also zero. Physically, this means that amplitudes
of forward- and backward-propagating waves in each of the layers are equal, forming
a standing wave across the multilayer. Although electromagnetic fields are excited, the
forward- and backward-energy fluxes are the same, resulting in a zero total energy flux.

Finally, we consider the distribution of the electromagnetic fields inside a periodic mul-
tilayer at the upper and lower band edges of a fundamental (lowest frequency) bandgap. In
fact, the eigenvectors of a bilayer transfer matrix at the bandgap edges can be found ana-
Iytically. Thus, using (3.40) to define the edges of a fundamental bandgap, substituting it
into the bilayer transfer matrix (3.17), and taking into account that k, = 7/a, @uytsw =
P s = Bhisw = T/2 - (L£ dw/wp), ¥ = e =y = Ni/Ny We can derive for the
upper and lower bandgap edges in the high- and low-refractive-index layers:

AN 1(1= lﬁ A h NG 1+ IJF
B =2tV = |\
wo—dw 1 wo+dw 1

(3.44)
| i 1-iyr I 14T
(&) =g (e () =1
B wo—dw 2\/_ B wo+dw 2 -1
From (3.40) it follows that for the lower and upper edges:
oot (i)
eXP(idwy—s50) = BT eXP(idwy+50) = TTiir (3.45)

We now investigate the distribution of the electric field inside of a multilayer using
(3.37). In Fig. 3.8 we present plots for the electric field intensities of the modes at the
lower and upper edges of a bandgap. Note that at the lower edge the modes have their
electric field concentrated in the high-refractive-index material, while at the upper edge
the electric field is concentrated mostly in the low-refractive-index material. This trend,
in general, holds for all the states in the first and second bands. Thus, one frequently calls
the first band (lowest-frequency band) a high-dielectric-constant band while one calls the
second band a low-dielectric-constant band. The reason why the modes in a fundamental
band are concentrated in the high dielectric region has already been rationalized in Section
2.3.2 and is a direct consequence of a variational principle. Modes in a second band,
however, are forced to localize in the low dielectric region to maintain their orthogonality
to the modes of a fundamental band.

We now investigate electromagnetic modes propagating with a nonzero wavevector
component ky along the plane of a multilayer. First, assume that k, = 0, then from (3.1),
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Figure 3.8 (a) Field intensity at the upper bandgap edge k, = 7/2; w = wy + dw. (b) Field
intensity at the lower band edge k, = 7/2; w = wy — dw. Only two periods are shown.
(3.2) for TE polarization the fields are:
EJ(x. y. 7) = exp(ikx)
H{(x,y,z) =0 (3.46)

H (K, . 2) = & exp(ikyX).
w

In the limit ky — 0, @ — 0 the only nonzero component of the electromagnetic field
Ey will be essentially constant across the whole multilayer, thus defining an average
displacement field across the multilayer Dayg = (dier 4 dnen)/(di + dn) Ey. This, in turn,
defines an effective dielectric constant for the TE modes sg\z = (di&) + dnen)/(d; + dh)

inthe kx — 0, @ — 0 limit, and hence a linear dispersion relation ky =% s;\,%.
w—>

In a similar manner, for TM modes in the limitky, — 0, w — 0:
H (x. y. 2) = exp(ik.X)
Ei(x,y,2) =0 ) (3.47)
EJ(x.y.2) = —— exp(ikyX).
a)ej

Thus, the only nonzero component of the displacement field D, will be essentially
constant throughout a multilayer, thus defining an average displacement field Eag =
(di/e; + dn/en)/(dy + dn) D,. This relation, in turn, defines an effective dielectric con-
stant for the TM modes e;,"g" = g1en(dy + dp)/(dien + dhey), and hence a linear dispersion

relation ky =,? &M Note that for any choice of dielectric constants and layer thick-

w— g’
NeSSES £,y > €49y, thus forcing TM modes to exhibit higher frequencies than TE modes

(Fig. 3.9).
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Figure 3.9 Dispersion relation of a fundamental band as a function of (ky, k) for a quarter-wave
stack with n; = 1.5;n, =2.8; 10 = 1;64 = 0. In the limitk, = 0 and ky — 0, w — 0 the
dispersion relations of TE, TM modes are linear, TE modes being lower in frequency than TM
modes. For higher frequencies, TE, TM dispersion relations will essentially be independent of
k, and equal to the dispersion relations of TE, TM modes of a slab waveguide formed by a
single high-index layer, surrounded with a low-refractive-index cladding.

In the limit of large propagation constants ky > wn; (the region of phase space below
the light line of a low-index material), regardless of the value of k;, electric fields of the
modes will be confined to the layers with high refractive index. Moreover, the fields will
exhibit exponential decay into the low-refractive-index layers, thus resembling a system
of infinitely many identical decoupled slab waveguides. In this regime, the dispersion
relation w(ky) will be the same for any value of k; and equal to that of a dispersion
relation of a slab waveguide.

Instead of using a 3D plot of the dispersion relation w(k, k;), it is more convenient
to draw a projected band diagram where all the allowed states are plotted in a 2D plot
@(Kx, Kz)lk,—all allowed VETSUS a single parameter ky (see Fig. 3.10). In such a plot, bands
of modes are represented by the filled regions of phase space. Note that in the inter-band
region, labeled as a bandgap, there are no delocalized states allowed in the multilayer.
Moreover, while the bandgap for TE polarization is continuous, the bandgap for TM
polarization collapses to zero for a certain value of k.

Finally, we are going to discuss how the size of a bandgap changes for the optimal
quarter-wave periodic reflectors designed for various propagation angles. In particular,
assuming 6y to be the modal propagation angle inside a low-refractive-index layer (see
Fig. 3.11), the layer thicknesses of an optimal quarter-wave reflector are chosen according
to (3.20):

Kidy = Z;kldy = 7;

kI = o,/ — &!'sin?(04); k! = /e cos(by). (3.48)

If the angle of propagation 6y is fixed, then expression (3.40) for the bandgap size
is applicable, however for each of the polarizations one has to use an appropriate
ETE™ = (rre.7m + r7e1v)/2 parameter. In Fig. 3.11 we plot the relative bandgap
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Figure 3.10 Projected band diagram of the TE and TM modes of a periodic multilayer

(ny = 1.5;n, = 2.8; 40 = 1; 64 = 0). In a bandgap region there are no delocalized states allowed
inside the multilayer. The TE bandgap is continuous, while the TM bandgap collapses for a
certain value of k.
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Figure 3.11 Bandwidth Aw of the TE, TM fundamental gaps for different quarter-wave
multilayers designed to operate at the angle of propagation 64, and nj = 1.5;n, = 2.8; 19 = 1.
Note that for an angle of propagation sin(6y) = /&n/(en + &1), €ven an optimal multilayer
design results in a zero bandwidth for TM polarization.
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size Aw/(2wy) of the TE and TM fundamental gaps for various optimal quarter-wave
multilayers as a function of a design angle 64. Note that for an angle of propagation
sin(6p) = /en/(en + &1), even an optimal multilayer design results in a zero bandgap for
TM polarization.

Omnidirectional reflectors Il

In the previous section a projected band diagram technique (Fig. 3.10) has been intro-
duced to visualize the guided states inside an infinite periodic reflector. It was established
that photonic bands (gray regions in Fig. 3.10) represent a continuum of delocalized states
allowed to propagate inside a reflector. Moreover, inside the photonic bands, the abso-
lute value of the smallest eigenvalue of a bilayer transfer matrix (3.17) equals one. From
consideration of Section 3.3 it follows that a semi-infinite reflector of the same geome-
try will be inefficient while operating inside the photonic bands. On the other hand, we
have established that inside a bandgap region of Fig. 3.10, there are no states allowed
to propagate in the bulk of a periodic reflector, and, moreover, the absolute value of the
smallest eigenvalue of a bilayer transfer matrix is smaller than one. From consideration of
Section 3.3 it follows that a semi-infinite reflector of the same geometry will be efficient
while operating inside the photonic bandgap. From this we conclude that a projected
band diagram of Fig. 3.10 introduced to visualize extended states of an infinite periodic
multilayer can also be used to judge the efficiency of a semi-infinite reflector of the same
structure.

So far, we have described how to use a projected diagram of an infinite periodic
reflector and to decide whether a corresponding semi-infinite reflector is efficient or
not. However, consideration for the semi-infinite reflector has to be somewhat modified
to account for the radiation incidence angle. In particular, we consider radiation to be
incoming onto a reflector from a uniform cladding of refractive index ng, with an angle
of incidence 6 C [0, 90°] (Fig. 3.2 (b)). Projection of a wave vector along X will then be:

kx = wng sin(b), (3.49)

from which it follows that, for a given frequency w, the maximal value of k is limited
by wng. Therefore, as with Fig. 2.1, all the incoming radiation states (all the angles of
radiation incidence) can be presented on a projected band diagram (ky, w) as a continuum
of states filling the “light cone” defined by ky(w) C [0, wno] (see Fig. 3.12).

Thus, when analyzing reflection from a semi-infinite periodic multilayer, only the
states within the light cone of a cladding should be considered. Within the light cone
one finds bands of the delocalized reflector states as well as bandgap regions. Suppose
that a certain combination (ky, ) within a light cone of a cladding falls into a bandgap
region. This means that a plane wave of frequency « incoming from the cladding onto
a semi-infinite reflector at an angle of incidence 6 = sin*(ky/wno) will be reflected
completely. Note that in the vicinity of o ~ 1 (the dashed region in Fig. 3.12), the TE
and TM bandgaps exist for all the values of ky within the light cone of a cladding. That
means that in this frequency region, the planewaves of any polarization incoming at
any incidence angle will be reflected completely. This is a region of omnidirectional
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Figure 3.12 Projected band diagrams of an infinite high-index-contrast periodic multilayer

ny = 1.5;n, = 2.8; 19 = 1;64 = 0 for TE and TM polarizations, plus the light cone of a
cladding no = 1. Only the reflector states inside the light cone of a cladding can be excited by
the radiation coming from the cladding.

0 . .
5 45 4 35 3 25 2 15 1 05 0 05 1 156 2 25 3 35 4 45 5

kx(27/A )

Figure 3.13 Projected band diagrams of low-index-contrast periodic multilayer

n =14;n,=1.6;1 = 1;64 = 0 for TE and TM polarizations, plus the light cone of a
cladding no = 1. As expected, photonic bandgaps are small and there is no omnidirectional
reflection for either polarization.

reflectivity for both polarizations. Note that in the vicinity of @ ~ 3, although there is
no omnidirectional reflectivity for either polarization, the reflector is still efficient for a
wide range of incidence angles. Thus, at w = 3, both TE and TM polarization will be
efficiently reflected for all the incidence angles in a range 6 c [0, 38°].

To appreciate the effect of the refractive index contrast on the reflection properties of
periodic multilayers, in Fig. 3.13 we present a projected band diagram for the case of a
quarter-wave reflector of low-refractive-index contrast n; = 1.4; n, = 1.6. As seen from
the figure, photonic bandgaps are much smaller than in the case of a high-refractive-
index-contrast reflectors in Fig. 3.12, and there is no omnidirectional reflection for either
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polarization. Instead, at the frequency of a fundamental bandgap « = 1, both TE and
TM polarization will be efficiently reflected only for the incidence angles in a range
6 C [0, 24°].

Defect states in a perturbed periodic multilayer: planar photonic
crystal waveguides

We are going to finish this chapter by discussing guidance within a structural defect
in the infinite periodic multilayer (see Fig. 3.2 (e)). In principle, the structural defect
can be any geometrical or material perturbation of a system that conserves continuous
translational symmetry in the multilayer plane. Examples of a typical defect would be a
single layer with increased thickness, or a single layer with increased value of dielectric
constant. The notion of a guided defect state in this case is understood as in-plane (of a
multilayer) guidance of an electromagnetic mode localized in the 2 direction at a defect
site. Such a defect mode would have the fields decaying into the bulk of a multilayer
reflector, with most of its electromagnetic energy concentrated in the vicinity of a defect
layer.

There are two design approaches to implementing field localization inside of a defect
layer. The first one is by using total internal reflection guidance. In this case parameters
of a defect layer are chosen such that the defect mode has an effective refractive index
larger than at least one of the two refractive indices n; or ny. A simple way to implement
a corresponding defect is by increasing the thickness of one of the high-refractive-index
layers. The second approach uses the bandgap of a multilayer reflector to localize the
mode spatially at a defect site. To implement this, one has to ensure that the defect mode
is located inside a bandgap of a surrounding periodic reflector, resulting in exponentially
fast decay of a modal field outside a defect layer. Moreover, in this case, the effective
refractive index of a guided mode can be smaller than both the n; and ny. This opens an
intriguing possibility of efficient light guidance in the low-refractive-index core (or even
a hollow core), which will be discussed in detail in the next chapter.

In the following we apply transfer matrix theory to find dispersion relations of the
guided defect states localized at a single-layer geometrical defect in the bulk of an
infinite periodic multilayer. Note that if projection of the propagation vector along the
multilayer plane ky is nonzero, such defect states will essentially be guided modes of
a waveguide with a core formed by a defect layer. If a defect layer is of low refractive
index ny, the guiding mechanism in such a waveguide is by a photonic bandgap of a
surrounding periodic multilayer. In the case when the defect layer is of high refractive
index ny, both bandgap guidance and total internal reflection guidance are possible.

Figure 3.14 presents the geometry of a defect layer in a periodic multilayer stack.
Without loss of generality, suppose that a defect layer of refractive index ng and thickness
d is sandwiched between two high-index layers. Consider the field expansion coefficients
in the high-index layers of the bi-layers —Nand N to the left and to the right of a defect
layer. Defining the transfer matrix from the defect layer to the high-index layer of a first
bilayer as Mg, the bilayer transfer matrix connecting high-low-high index layers as Mp,
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Figure 3.14 Bulk defect in a periodic multilayer.

the transfer matrix connecting the high-index layer of a minus first bilayer with a defect
layer as Mpq, and using the transfer matrix formulation (3.13), we write:

(gN ) = (M) ™! Mg Mg (Min)™ ™1 (gN > : (3.50)
N —N

Using the presentation of the bilayer transfer matrix in terms of its eigenvalues and
eigenvectors we get:

N-1 N-1
(g: ) = Vhin (A<Ol /\Eol_l) Vi Man Mg Vi (A?.l AEO1‘1> Vi <g:: ) :

(3.51)

where the eigenvalue of absolute value less than one is defined as A _;, while the one

with absolute value greater than one is defined as A_;. As the field is decaying in the

negative direction from the defect layer (increasing in the positive direction from the

bilayer —N), the coefficients in the —N bilayer should only excite an eigenvalue with

magnitude larger than one, therefore:

(g\—N ) —a Vi (3.52)
-N

In the positive direction from the defect layer the fields are decaying, thus only an
eigenvector with magnitude less than one is excited, therefore:

)\,N71 0 _ A_ — <1
Man Mna Vg < <01 ANl) Vi ( B " > = an Vi, (3.53)
>1 —N

where «_y and ay are some constants. Substitution of (3.52) into (3.53) leads to the
following equation:

—>1 —<1
Manh MngV i = @V pin» (3.54)

83
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where « is some constant. Note that the transfer matrices are the functions of a wave
vector parameter k4. Thus, to find the propagation constant ky of a defect mode, one
simply has to vary it until (3.54) is satisfied.

As an example, consider the case of a quarter-wave multilayer stack operated at the
center of its fundamental bandgap, and TE polarization of an incoming light. From (3.36)
it follows that Vi = (1, 1)/2; Vi = (1, 1)/2, while from (3.4), (3.16), (3.20):

K K
(“k—g)‘(‘k—g)
Kh Kh
_h) (142
( k?) (*kg)

0 0

k . k .
(1 + k_:‘> exp (ik2d) ( — k_E‘) exp (—ik%d)

A

1
Mdh = E s (355)

k? 0 ke 0
~ ) &P (i) (1+ K exp (—ik2d)

A

Mg =

N -

wherek? = ,/(wng)? — k2. Substitution of (3.55) into (3.54) and elimination of a constant
« leads to a simple requirement on a size of a defect layer:

k%d = 7p, p C integer. (3.56)

A similar expression for the size of a defect layer can also be derived for TM polariza-
tion. This is a very general and useful result, which allows the design of planar photonic
waveguides that support both TE and TM modes having the same desired effective refrac-
tive index n < np. In particular, by choosing multilayer and core layer thicknesses
as:

A0 Aop

—_— do =
2 2 2 2
4\/nih — Nege 2,/ng — Nggr

from the consideration of this section we conclude that such a waveguide will support both
TE and TM polarized modes having the same propagation constant ky = 27 neg/Ao, and
electromagnetic fields decaying exponentially fast away from the defect layer (waveguide
core).

We conclude this chapter by considering two particular implementations of a photonic
crystal slab waveguide described by (3.57). In the first case we introduce a defect in the
high-refractive-index layer. Multilayer thicknesses are chosen according to (3.57), where
ho=1,m =15 n,=ny, =28, ng =132, and d, = 2dy. Figure 3.15(a) presents a
band diagram of such a multilayer. In this figure, gray regions correspond to a continuum
of delocalized states, which virtually coincide with the bands of a corresponding infinite
periodic multilayer. Additionally, within bandgap regions, one finds several discrete states
(thick lines in Fig. 3.15(a)). These are the guided-defect states. By design, one of the states
(point (A) in Fig. 3.15(a)) has an effective refractive index of n 4 = 1.32at 1, = 1. The
inset (A) in Fig. 3.15(a) presents the |Ey| field distribution across the multilayer, from
which one observes that mode (A) is concentrated mostly in the defect-layer region.

din= , p C integer, (3.57)
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Figure 3.15 Band diagrams of guided states in a periodic multilayer with a single-layer defect.
Solid thick lines — guided defect states localized in the vicinity of a defect layer. Gray regions —
continuum of delocalized states in the multilayer. (a) High-refractive-index defect. Dispersion
relation (A) is that of a bandgap-guided mode, while dispersion relation (B) is that of a
fundamental total internal reflection guided mode. (b) Low-refractive-index defect. Both
dispersion relations (A) and (B) are of the bandgap-guided modes. Judging by the field
distribution, mode (A) can be considered as a fundamental defect mode, while mode (B) can be
considered as a higher-order defect mode.

Moreover, corresponding modal fields are decaying exponentially into a surround-
ing periodic cladding, because of bandgap confinement. As discussed at the begin-
ning of this section, a high-refractive-index defect is also expected to support a
total-internal-reflection guided mode with n; < nes < ny. Indeed, a fundamental total-
internal-reflection guided mode (labeled (B) in Fig. 3.15(a)) can be found below the light
line of a low-refractive-index material nes > ny. The inset (B) in Fig. 3.15(a) presents
the | Ey | field distribution across the multilayer. From the figure it is clear that the mode is
mostly localized in the defect layer, with the corresponding fields decaying exponentially
fast into the cladding, driven by the exponential field decay in the low-refractive-index
layers. It is interesting to note that bandgap-guided mode (B) at higher frequencies,
o > 1.15, crosses over the light line of a low-refractive-index material and, therefore,
becomes total-internal-reflection guided.

Finally, Fig. 3.15(b) presents a band diagram of a multilayer with a low-refractive-index
defect. The multilayer thicknesses are chosen according to (3.57), where 1, = 1, ny =
n = 1.5,ny =28, n4 = 1.32,and dy = 2d,. In this case, the continuum of delocalized
states is virtually identical with that for the multilayer with a high-refractive-index defect.
Additionally, within the bandgap regions, one finds several discrete states (thick lines
in Fig. 3.15(b)). These are, again, the guided-defect states. By design, one of the states
(point (A) in Fig. 3.15(b)) has an effective refractive index of n; = 1.32 at 1, = 1.
The inset (A) in Fig. 3.15(b) presents the |Ey| field distribution across the multilayer,
from which one observes that mode (A) is concentrated mostly inside a defect layer.
Moreover, the corresponding modal fields are decaying exponentially into the periodic
cladding, because of bandgap guidance. Inset (B) in Fig. 3.15(b) presents the |Ey| field
distribution across the multilayer for a higher-frequency defect mode. Although the mode
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is mostly localized in the defect-layer region, the modal fields exhibit a larger number
of oscillations than the fields of mode (A), therefore mode (B) can be considered as a
higher-order mode, while mode (A) can be considered as a fundamental defect mode.
Finally, unlike the case of a multilayer with a high-refractive-index defect, there is no
total-internal-reflection guided defect mode in a multilayer with a low-refractive-index
defect.

Problems

3.1 Guidance in a low-refractive-index-contrast slab waveguide

Consider aslab of refractive index ng + 6n and thickness a surrounded by a cladding with
refractive index ng. Using (3.25) and definitions of TE, TM transfer matrices (3.4), (3.9),
find the effective refractive index of a fundamental mode ne = kyC/w as a function
of the frequency of operation  in the long wavelength regime o < ¢/(a~/2nodn),
assuming low-refractive-index contrast dn/ng < 1. Express your answer in terms of
dNefr = Nef — No. Show that the TE and TM modes are nearly degenerate in this case. In
all your derivations retain only the leading-order terms in 6n/ng, dnes/Ng. Also, assume
that dner < dn and verify whether in a long-wavelength regime this assumption holds.

3.2 Surface defect states in perturbed semi-infinite periodic multilayers

In this problem we consider TE modes of a semi-infinite quarter-wave stack with a
modified first high-index layer facing the cladding. We will demonstrate that when the
thickness of the first layer is varied from its quarter-wave value, a modified multilayer
could support a surface state localized primarily at the cladding—multilayer interface. A
periodic multilayer stack is designed as a quarter-wave stack (3.24) for the normal angle
of incidence nj = 1.5;n, = 2.8; Ao = 1;64 = 0, where dn | = Ao/4np,. The cladding is
assumed to be air, ng = 1.0.

(a) We start by practicing interpretation of the band diagrams. In Fig. P3.2.1 we present
a band diagram of delocalized states of an infinite periodic multilayer stack with
parameters defined in the introduction of the problem. The band diagram of the pho-
tonic states of a corresponding semi-infinite multilayer will be modified by addition
of the discrete defect states. The region of spatial localization of a defect state can be
judged from its position in the band diagram. In Fig. P3.2.1 we mark, schematically,
five different possibilities for the position of a defect mode. For every point 1-5,
determine whether the corresponding mode is propagating mostly in the air, in the
reflector, both in the air and in the reflector, or neither in the air nor in the reflector
(mode confined to the interface). What is the difference between modes 4 and 5?

(b) Using transfer matrix theory, find an equation, the solution of which gives the prop-
agation constant of the mode 4 localized at the multilayer—cladding interface.

(c) InFig.P3.2.2we present a band diagram of the modes of a semi-infinite quarter-wave
stack with a high-refractive-index defect layer of thickness dy = 1.5dy,. A qualitative
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Figure P3.2.1 Schematic of a semi-infinite quarter-wave stack designed for a normal angle of
incidence and a corresponding band diagram of the delocalized states in the multilayer. Also
presented are the light lines of the multilayer materials and the cladding.
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Figure P3.2.2 Band diagram of the modes of a semi-infinite multilayer stack with a
high-refractive-index surface defect d; = 1.5d;. Solid lines correspond to the dispersion
relations of the guided surface (defect) states.

understanding of the field distributions in the guided surface states can be obtained
directly from the form of a band diagram.

In Fig. P3.2.2, consider four points marked 1-4 corresponding to the guided
surface modes.

(i) First, for the points 1 and 2, using the results of question (a), make qualitative
drawings of the modal electric field amplitude |E(z)|? along the z direction in
the vicinity of a cladding—multilayer interface. Pay special care to highlighting
the difference between field distributions at the two points, and to reflecting the
fact that when moving from point 1 toward point 2 along the same dispersion
relation curve, one gets closer to the cladding light line. Justify your answer in
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(d)

(i)
(i)

(iii)

(iv)

terms of the value of the k, = ,/w?n3 — k2 coefficient inside the air region and
the exp(ik,z) dependence of the modal fields.

(if) Second, for the points 3 and 4, using the results of question (a), make qualitative
drawings of the modal electric field amplitude |Ey(z)| along the z direction
in the vicinity of a cladding—multilayer interface. Pay special care to highlighting
the difference between the field distributions at the two points, and to reflecting
the fact that when moving from point 3 toward point 4 along the same dispersion
relation curve, one gets closer to the continuum of the delocalized states in
the multilayer. Justify your answer in terms of the distance from the band edge
and the fact that the lowest eigenvalue of the bilayer transfer matrix behaves as
1 —|Aca] ~ |lo — wpandedge|“ Near the band edge.

In this final question we consider the effect of adding weak periodic perturbation
of a dielectric constant in the defect layer region at the air—-multilayer interface
(Fig. P3.2.3). The periodic perturbation of spatial period a is assumed to be van-
ishingly small so that dispersion relations of the modes are not modified. As was
described earlier in the chapter, in the case of a vanishingly small periodic pertur-
bation, the band diagram of a periodic system can be constructed from the band
diagram of an unperturbed system (Fig. P3.2.2) by introducing the Brillouin zone
ks € [—m/a] and reflecting all the dispersion curves of an unperturbed band dia-
gram into the first Brillouin zone. For the following questions we choose six points
at various locations in the band diagram, and choose the periodicity in such a way
as to ensure

ki, —m/a=m/a—K,, Ky, —m/a=m/a—K,y,
ks, —m/a=m/a—Kg, (see Fig. P3.2.3).

Using the band diagram of an unperturbed system in Fig. P3.2.3 as a starting point,
draw the band diagram of a system with vanishingly small perturbation.

In the unperturbed band diagram, mode 1 was inside the continuum of bulk states
of a multilayer, while mode 2 was a defect state localized at the cladding—multilayer
interface. After introduction of a periodic variation, will mode 2 still remain localized
at the surface defect state? Describe in what spatial regions the fields of mode 2 will
be predominantly distributed.

In the unperturbed band diagram, mode 3 was a defect state localized at the cladding—
multilayer interface, while mode 4 was located inside the continuum of bulk states of
a multilayer and above the light line of air. After introduction of a periodic variation
will point 3 still remain a localized defect state? Describe in what spatial regions the
fields of mode 3 will be predominantly distributed.

In the unperturbed band diagram, mode 5 was inside the continuum of bulk states
of a multilayer and below the light line of air, while mode 4 was located inside the
continuum of bulk states of a multilayer and above the air light line. After introduction
of a periodic variation, describe in what spatial regions the fields of mode 5 will be
predominantly distributed.
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Figure P3.2.3 Schematic of a semi-infinite quarter-wave stack with a high-refractive-index layer
defect and periodic perturbation at the cladding—multilayer interface. Band diagram of the
modes of an unperturbed system. The position of a boundary of a first Brillouin zone is

ky = m/a.

3.3 Bandgaps of a nonquarter-wave stack multilayer

In this problem we consider electromagnetic modes propagating perpendicular to the
infinite periodic-multilayer stack. As demonstrated in Section 3.5, modes of such a
system can be characterized by the propagation constant k, confined to the first Brillouin
zone k, C [—m/a, r/a], where a is the bilayer thickness. Moreover, for the quarter-
wave stack design with layer thicknesses dr?,, = Xo/4nn, a band diagram of the guided
modes presents an infinite collection of discrete bands separated by the bandgap regions
centered on the odd harmonics of wg = 27¢c/A (see Fig. P3.3.1(a)). In the case when
the multilayer differs from a quarter-wave stack, we will demonstrate that a new set of
bandgaps appears; these are centered on even harmonics of wq (see Fig. P3.3.1(b)). In
particular, assume that layer thicknesses are somewhat perturbed from their quarter-wave
values d, = d?(1 + ), d, = d’(1 — 8), and § < 1. Using (3.33), and the definition of
phases ¢y, ¢ in (3.16), find the sizes of the bandgaps centered around 2 p even harmonics
of Q.

3.4 Dispersion relation of a core guided mode in a photonic crystal
slab waveguide

In this problem, we derive the dispersion relation of a TE-polarized core-guided mode
of a photonic crystal slab waveguide (see Fig. 3.14) in the vicinity of a cladding bandgap
center frequency. As a waveguide, we consider a quarter-wave stack with refractive
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Figure P3.3.1 (a) Band diagram of guided states in a quarter-wave stack with layer thicknesses
d?, = xo/4ny,, discrete bands of guided modes are separated by the bandgap regions centered
on the odd harmonics of wg. Example of n; = 1.5; n,, = 4.5; Ao = 1. (b) When the periodic
multilayer differs from a quarter-wave stack a new set of bandgaps appears, which are centered
on the even harmonics of wo. Example of nj = 1.5;ny = 4.5; 3¢ = 1, and dy = d2(1 + 8),
dy=d’(1-5),8=0.1

indices np, ny and thicknesses dy | = Xo/4 /nﬁI — ngﬁ, where neggs < Ny < Ny, The core

layer, of refractive index no, is chosen to have a thickness do = A0/2,/n3 — n%;. As was
established in Section 3.6, at wy = 2 ¢/, a waveguide defined this way supports a core-
guided mode with propagation constant ky (wg) = Nesrwo. Find the dispersion relation of a
core-guided mode in the vicinity of wg. Express your answer in the form Ky (wo + dw) =
Nefrwo + Vg 18w + O(8w?), and find an expression for the core-mode group velocity v, *
at wp. Check the validity of your expression for a particular case no = n, for which

Vg = (Ner(1 + 1)) /(n2rd 4+ n?);rg = \/nf — ngﬁ/\/nﬁ — nZ;. Finally, demonstrate that
in the case ng = ny, at wy the mode group velocity is always smaller than the mode phase
velocity v, = ng.

As a guide to a solution of this complex problem we suggest the following approach.
In Section 3.6 it was established that the propagation constant ky (w) of a core guided
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mode of a photonic crystal slab waveguide satisfies (3.54):
—>1 —<1
Man MnaV i = @V,

where V;,ﬁ Vﬁﬁ are the eigenvectors of a bilayer transfer matrix M, (3.17), and «

R —>1 —<1 . R
is some constant. Moreover, the V,,, V., eigenvectors correspond to the eigenvalues
larger and smaller in magnitude than one, respectively. Therefore,

(a) find the eigenvalues and corresponding eigenvectors of a bilayer transfer matrix:

4\ @—r)expign) (L+r)exp(—ign)

(L +rexp(ign) (L —rHexp (—i¢h)>
((l — ril) exp (|¢h) (1 4 r—l) exp (_|¢h) (P342)

1 <(1 +r)exp (i) (1 —r)exp (—i¢|))
Mhih = X

for the frequency wo + dw, assuming [dw| <« wp. In your calculations, keep only the
terms of the first order in dw. Also, use Ky(wgp + dw) = Nefrwo + v;léw + 0(bw?), as
well as the following expansions:

K () \/ (Ni(wo + dw))? — k2(w) \/ (M(wo + dw))” — (neﬁwo + vg,-léw)2

= = =
kz (w) \/(nh(a)o + 5&)))2 _ k%(a)) \/(nh(wo + 50)))2 _ (neffwo + V§15w)2

2 2 2 2 -1
N — Negr Neff (nh_nl) (nef'f_vg )

5
[ =ro+Crdid=ifg= "< 1;C, = 3
o =k (=)

@0 . N — N

¢n = thk} () = dh\/(nh(wo +8w))” — k2(w) = dh\/(nh(wo + dw))? — (neffwo + Vgléw)z

2 -1
T T Ny — NeffV,
¢n =5 +CadiCh= 3 no =

2 nf—nZ
¢—”+czs-c—”n'2_neﬁvg_l (P3.4.3)
|_2 10, |_2 nlz_ngﬂ . T

(b) find an explicit form of the My, Myg transfer matrix, keeping only the terms of the
first order in dw, and using the following definitions:

1
MahMpg = —

4\ (1 —rg)exp(igg) (1 +rq)exp(—igq)

(T+rgt)exp(ign) (1 —rgt)exp(—ign)
(L—rgtyexpign) (1+rg")exp(—ign)

((1 +ra)exp(igg) (1 —ra) exp(—im)) 5

) (P3.4.4)
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(c) finally, solve (3.54) and find an expression for vg*1. Apply the general formula to
a particular case of ng = nj, and then demonstrate that at wo mode group velocity vq is
always smaller than the mode phase velocity v, = ne‘ﬁl.
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Bandgap guidance in planar photonic
crystal waveguides

In this section we discuss in more detail the guiding properties of photonic bandgap
waveguides, where light is confined in a low refractive index core. We first describe guid-
ance of TE and TM waves in a waveguide featuring an infinite periodic reflector operating
at a frequency in the center of a bandgap. In this case, radiation loss from the waveguide
core is completely suppressed. We then use perturbation theory to characterize modal
propagation loss due to absorption losses of the constitutive materials. Finally, we char-
acterize radiation losses when the confining reflector contains a finite number of layers.

Figure 4.1 presents a schematic of a waveguide with a low refractive index core
surrounded by a periodic multilayer reflector. The analysis of guided states in such a
waveguide is similar to the analysis of defect states presented at the end of Section 3.
As demonstrated in that section, a core of low refractive index n. surrounded by a
quarter-wave reflector can support guided modes with propagation constants above the
light line of the core refractive index ky C [0, wn¢]. Note that a core state with ky =0
defines electromagnetic oscillations perpendicular to a multilayer plane, therefore such
a state is a Fabry—Perot resonance rather than a guided mode. In the opposite extreme, a
core state with ky ~ wn, defines a mode propagating at grazing angles with respect to the
walls of a waveguide core, which is typical of the lowest-loss leaky mode of a large-core
photonic bandgap waveguide. Core-guided modes of the large core-diameter photonic
bandgap waveguides constitute the focus of this chapter.

Design considerations of waveguides with infinitely periodic reflectors

In the case of an infinite reflector surrounding a low refractive index core, core-guided
modes with frequencies inside a photonic bandgap exhibit no radiation loss. Moreover,
fields of such modes decay exponentially into the periodic reflector owing to photonic
bandgap confinement. According to (3.52), the vector of expansion coefficients in the
high-refractive-index layer of the bilayer —N is proportional to the eigenvector of a
bilayer transfer matrix with corresponding eigenvalue greater than one. In particular,
defining the core layer to be zero, and the high index layer in the —N — 1 bilayer to be
—2N — 1 (see Fig. 4.1), then the following holds:

< A2N1> = (X_ZN_;LV;# (41)
B_an-1



94

Bandgap guidance in planar photonic crystal waveguides

M Mic Meh M

\\\\\\\\
SO0 s

el

Figure 4.1 Lower-refractive-index core photonic-bandgap waveguide. The core, of size d. and
refractive index n, is surrounded on each side by a periodic reflector containing N bilayers of
refractive indices ny, ny, such that n, < n; < n,. The two layers closest to the core, as well as the
waveguide cladding, are of high refractive index ny,.

In the opposite direction from the core, the fields are also decaying exponentially, thus
only an eigenvector with a magnitude smaller than one is excited:

)\N 0 _ A_on_ —<1
Men thth ( 81 )»N1> Vhlhl ( Bz:i> = 0l2N+1Vh|h, (4-2)

where a_pn_1 and apn 11 are some constants. Substitution of (4.2) into (4.1) leads to the
following equation:

—G>1 <1

where « is some constant. Assuming the following definitions for the components of
the wave vector in terms of an angle of modal propagation inside a waveguide core
(see Fig. 4.1):

ky = w/ec c0s(0); ki = w./ecsin(6)
k' = wy/en — &cc0S2(0); kI = wy/e — & C0S%(H), (4.4)

and using the explicit form of the defect layer transfer matrices:

1 [ (X+rsY)exp(ign) (1—rgt)exp(—ign)
2\ (1 —rsY)expign) (1+rgt)exp(—ign)

1 <(1 +re)exp (ige) (1 —rc)exp (_i¢c))
ch = E

th =

(1 —re)exp(ige) (1 +rc)exp(—igc)

k¢ enk®
r rTE rTM. TE . ™
c=Fe ey I = —E, c = - E
¢ ( gc)’ ¢ ( ‘yd )7 ¢)| (k;dl)v (45)

(4.3) can be resolved analytically for the case of a quarter-wave reflector.
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In particular, assuming that reflector geometry is chosen to satisfy the quarter-
wave condition ¢n = ¢ = /2 at frequency w = 2z /A, then from (3.36) V;”l] =
(-1,1)/2; V,T,ﬁ = (1, 1)/2, and, similarly to (3.56), a simple requirement on a core size
follows from (4.3):

¢c = Kod. = 7p; where pisaninteger, (4.6)

which is valid for any polarization of a core guided mode. In terms of individual layer
thicknesses, this constitutes:

A 4= AP
4/n?, —n2cos2(6) " 2nesin(o)’

In the following, we consider in more detail the case of p = 1. From (4.6) we can
conclude that for a given core size d; > A/2n. there always exists a bandgap-guided core
mode with an effective propagation angle 6;:

dip=

4.7

A

sin(fy) = —— — 0>~ ——,
(6) 2ncde desa © 2nede

(4.8)
and effective refractive index nes = n. cos(6.), given that the surrounding multilayer
reflector is quarter-wave.

Note that when the core size is much larger than the wavelength of light, the angle of
propagation of a core-guided fundamental mode approaches zero inversely proportional
tothe core size (grazing angles of incidence onto areflector). In this regime, the core mode
can be envisioned as a plane wave propagating almost parallel to the waveguide center
line, while exhibiting infrequent bounces from the reflector walls every L o dc/6c =

2ncd?/ units of length (see Fig. 4.2). Practically, there are no perfect reflectors, causing
the guided mode to lose its energy at every bounce. Such energy loss is typically a result
of either absorption loss of the reflector materials, or scattering from imperfections at the
multilayer interfaces. Assuming that the power loss of a core mode per single reflection
ist, then, after each reflection only 1 — t of modal power will continue propagating. The
modal propagation loss after a distance L can, therefore, be written as P(L)/P(0) =
(1 — t)-/L1. One frequently defines propagation loss « in units of [dB/m] as:

10 P(L)
dB =——I —= . 4.9

If the loss per single reflection is small t <« 1, the expression for the propagation loss
of a core guided mode of a photonic-bandgap waveguide can be approximated as:

10 5 at
ofdB/m] = —{~log(1 — 1) = 00 el (4.10)
Jdo <1

AJde<<

Moreover, for grazing angles 6. ~ 0 of modal incidence on the reflector, from the expres-
sions of Fresnel’s reflection coefficients (3.12), and from Fig. 3.3, one finds that t ~ 6,

and finally, «[dB/m] L l)\Z/dg.
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Figure 42 When the waveguide core size is much larger than the wavelength of guided light, the
angle of incidence of a fundamental mode onto the reflector approaches zero. In this regime,
light propagation in the core can be envisioned as infrequent bouncing of a plane wave from the
reflector walls every L, units of length.

Fundamental TE mode of a waveguide with infinitely periodic reflector

In this section, we study the field distribution in the fundamental TE mode of a lower-
refractive-index core waveguide. We start by finding field expansion coefficients in the
waveguide layers. Assuming a quarter-wave reflector ¢n = ¢ = 7/2, ¢, = 7 condition
for the fundamental core mode, and the fact that for TE polarization |rrg|, as defined in
(3.16), is always less than or equal to one, from (3.17), (3.21), (3.36), (4.1), and (4.5) we
can find the coefficients in each of the layers (see Fig. 4.3):

-5 ()

re_K.ore_k (4.11)

The expansion coefficients are chosen in such away as to normalize to unity the maximum
value of the electric field: max |Ey(z)| = 1.
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Figure 4.3 Expansion coefficients in the reflector layers for the TE-polarized fundamental mode.

de

Figure 4.4 Schematic of the |E,(z)|? field intensity distribution of the TE-polarized core mode at
the center frequency of a quarter-wave reflector bandgap.

In Fig. 4.4, in each layer, we plot intensities of the only nonzero component of
the electric field |Ey(z)|? as calculated by (3.37). In each of the reflector layers the
field intensities | E,(z)|? are proportional to r2 cos?(rnn1/2) or r2 sin?(wnn.1/2), where
Mt = (Z — Zieftinterface)/dn.1, While in the core layer the field intensity is cos? (7 n¢), where
ne = z/d.. Note that the factor

re = ~
Ven — & Cos2(fc) de>r /en — &

JEcsin(fc) N 1 A
(Z) e

thus amplitudes of the electric field at the core boundaries are exactly zero, while inside
the reflector they are inversely proportional to the core size.

We now calculate the amount of the electric energy in the reflector and its fraction
compared to the total electric energy of the mode:
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+00
1 2
B = [ @) |E,)

de/2 dn d
1 +00 2i i T T
=3 / dze. cosz(nnc)+;r§rT‘E /dzgh sin <Eﬁh)+/ dze cos® (E’)I)
—dos2 J= 0 0
1 [ ecde rZ
_1 q d ¢ ’ 4.13
2[2 + (endh + & |)1_r%E (413)
and thus:
:
(endh + &/dy)
E?(!:ﬂector — 1- I'-|2—E
Ete(ltal &cle re
d d <
5 + (endn + & I)l_r12'E

(Lf( en/ec sl/ec> 1 (6—0
2d. Ven—ec Ja—ec) en—e \de> A

Ne [ Oc—> 7/2
Ne+nh—n" \de — A/2nc )’
from which we conclude that, with increasing core size, the fraction of modal energy
in the reflector decreases very fast, and is inversely proportional to the third power of
the core size. If the materials of the reflector exhibit absorption losses, for example, and
assuming that a core material is lossless, the propagation loss of the core mode will be

proportional to the electric energy fraction in the reflector, thus decreasing as the inverse
third power of the core size.

[

(4.14)

Infinitely periodic reflectors, field distribution in TM modes

Depending upon the choice of the core dielectric constant, there are two distinct guiding
regimes for the TM polarized fundamental core mode. In particular, if the core refractive
index is low enough, the intensity distribution of the magnetic and electric fields in
the waveguide core are Gaussian-like, similar to the field intensity distribution of the
fundamental TE polarized core mode. In the case when the core refractive index is
not low enough, the intensity distributions of the magnetic and electric fields in the
waveguide core show minima in the core center, reaching their maxima at the core—
reflector boundary.

Case of the core dielectric constant ¢, < enei/(en + &)

In this regime, as demonstrated at the beginning of Section 3.3, for any angle
of radiation incidence from the uniform half space with dielectric constant g, an
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Figure 4.5 Expansion coefficients in the reflector layers for the TM-polarized fundamental mode,
case of e < enei/(en + &1).

infinite quarter-wave reflector designed for that incidence angle will completely reflect
the incoming radiation. Proceeding as in Section 4.2, we first find the field expan-
sion coefficients in the waveguide layers. Assuming a quarter-wave reflector ¢, =
¢ = /2, ¢, = 7 condition for the fundamental core mode, and the fact that for TM
polarization |rry|, as defined in (3.16), is always greater than or equal to one, from (3.17),
(3.22), (3.36), (4.1), and (4.5) we can find the coefficients in each of the layers (see

Fig. 4.5):
(6),-2 ()

h |

(6),.7 ()., = 2 ()

(), o), (5)

I
™ _ enk;
elkh

n Cinteger > 0; r (4.15)

For TM polarization and grazing angles of incidence 6, — 0, from (3.6), (3.7), (4.4) it
follows that in the core:

[EC@)] < [EP™@)] = [H*@)| /ne. (4.16)

As the electric field component E,(z) is discontinuous across the dielectric boundaries,
and as Ex(z) is not negligible in the reflector layers, it is more convenient to plot the
continuous Hy(z) field instead. In Fig. 4.6, a solid line shows the intensity of the only
nonzero component of the magnetic field |Hy (z)|? as calculated by (3.37).

The dotted line plots the distribution of the electric field intensity ¢|E,(z)|? in the
core region in the limit as 6. — 0. Note that, unlike the case of the TE polarized mode,
the electric field does not vanish at the core boundary; on the contrary, it reaches its
maximum. For grazing angles of mode propagation, from (4.16) it follows that magnetic
and electric energies in the core are close to each other. Using the fact that for harmonic
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Figure 4.6 Schematic of the field intensity distribution of the TM-polarized mode at the center
frequency of a quarter-wave reflector bandgap; |Hy(2)|2, the field intensity of the fundamental
core mode (solid); &¢|E,z)|?, the field intensity in the core, 6, — 0 (dotted).

fields the total magnetic energy equals the total electric energy, we derive:

Efoal = Efor = / dz ’Hy(z)’

de/2
/ dzsin (nnc)—i—/dz cos? nn)
—dc/z
+oo I h
-2j 2 (T 2 (T
+ZrTM /dzsm (2m>+/dzcos (znh)
=t 0 0
de (i + dh)]
= +dp + . 4.17)
T2 [ 2 ré, —1
Finally, the fraction of the electric energy in the waveguide reflector is then:
di + dn )
dn +
E?cleflector — < r'IZ'M -1
Egtal % + (dh + d2| + dh )
2 row—1

8%(61 — &) 8|2(8h — &)

+
() e Je—e -(QC_’()) 4.18
<2dc> (82_62)( Ené| _gc)’ de>2)’ (4-18)

h I
&h + &

signifying that the fraction of the electric energy of a TM-polarized mode in the reflector
isonly inversely proportional with the core size. Therefore, if the materials of the reflector



4.3.2

4.3 Field distribution in TM modes 101

exhibit absorption losses, the modal propagation loss due to modal energy absorption
will also decrease as the inverse of core size.

Case of the core dielectric constant e, > . > epei/(en + )

In this regime, as demonstrated at the beginning of Section 3.3, there is an angle of
modal propagation in the core, cos(6y) = en &1/(en + &1)/&c, for which even an infinite
quarter-wave stack designed for such an angle will not be efficient. Proceeding as in
Section 4.3.1, and taking into consideration that in this regime |rty| as defined in (3.16)
is smaller than one for grazing angles of incidence 6y > 6. — 0, we arrive at a similar
set of expansion coefficients as in (4.11):

(-2

-(5),.-== ()

(3), ~(5),-"5m ()

. &‘hkc Ehk
nCinteger >0; re=rM= z; r™ — z
Sckz 8||(

(4.19)

Moreover, from (4.16) it follows again that |E{°"*(z)| << |EZ?®(2) >~ [Hy®(2)|/Nc.

As the electric field component E,(z) is dlscontmuous across the dielectric bound-
aries, and as E4(z) is not negligible in the reflector layers, it is more convenient
to plot a continuous Hy(z) field instead. In Fig. 4.7 we present as a solid line the
intensity of the only nonzero component of the magnetic field |Hy(z)|2 as calculated
by (3.37).

The dotted line plots the distribution of the electric field intensity ¢|E,(z)|? in the
core region in the limit as 6, — 0. Note that, like the case of the TE-polarized mode,
the electric field vanishes at the core boundary. For grazing angles of mode propagation,
from (4.19) it follows that magnetic and electric energies in the core are close to each
other. Moreover, using the fact that for harmonic fields the total magnetic energy equals
the total electric energy, we derive:

+00

2

EGItaI - Etotal - / dz ‘HY(Z)’
—0o0

d:/2
1 2 z
=3 / dzcos’(mne)  + ZrZrTIJ\/I /dzsm ”h [dzcos (E”')
—0c/2
de re
=57 T@+d) ] : (4.20)
2 — Iy
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Figure 4.7 Schematic of the field intensity distribution of TM polarized mode at the center
frequency of a quarter-wave reflector bandgap; |Hy(z)|?, the field intensity of the fundamental
core mode (solid); e¢|E,z)|? the field intensity in the core, 6, — 0 (dotted).

and thus:
rZ
(dh +dy)

E?(lﬂector — 1- r'I2'M
E?cl)tal dc r2
— + (dh +d)) —=

2 1-r4,

1 1

[

(L)e’sfeh \/Sh—89+\/8|—8c ) (90>90—>0
2d, Ec (82 2) <8c— Ehé) )' de > A

— &
h | e + &

), (4.21)

signifying that, in this regime, the fraction of the electric energy of a TM-polarized mode
in the reflector decreases with the core size as fast as in the case of a TE-polarized mode,
namely, inversely to the third power of the core size. If the reflector materials exhibit
absorption losses, the modal propagation loss due to modal energy absorption will also
decrease as the inverse third power of the core size.

Comparing expressions for the electric energies in the multilayer reflector for the
casese| > e > &nher/(en + &) (4.21) and e¢ < ener/(en + &) (4.18), we conclude that the
fraction of the electric energy in the reflector decreases significantly faster with increase
in the core size in the former case than in the latter. This is an interesting conclusion. It
signifies that to minimize the propagation loss of a TM-polarized fundamental core mode
of a low index core waveguide it is beneficial to operate in the regime when g, > ¢; >
ener/(en + €1). Moreover, in this regime, the modal field distribution is Gaussian-like,
resembling that of a TE-polarized mode.
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Perturbation theory for Maxwell’s equations, frequency formulation

Up until now we have discussed finding guided modes of geometrically perfect peri-
odic systems with strictly real dielectric profiles (zero material absorption). In practice,
realistic photonic crystals exhibit small variations in the geometry of their constituent
features. Moreover, realistic dielectrics show material absorption losses, and, therefore,
their dielectric constants typically contain small imaginary contributions. The influence
of such small deviations from ideal on the propagation properties of eigenmodes can be
efficiently studied in the framework of perturbation theory (PT) or coupled-mode theory
(CMT). In this section, we present perturbation theory for the case when contours of the
dielectric interfaces are fixed, while dielectric profile is weakly perturbed.

At the basis of PT and CMT is an assumption that for small variations in the dielectric
profile, changes in the modal field distribution and modal frequency (or propagation
constant) are also small. One then assumes that the perturbed mode can be expressed
as a linear combination of the unperturbed modes, where expansion coefficients can be
found either analytically (PT) or by solving a certain eigenvalue problem (CMT). We
start with an unperturbed Hermitian Maxwell Hamiltonian Hy having eigenmodes |HJQ),
j C integer > 1 and eigenvalues w(z) j that satisfy:

Ho [HY) = o ; [HY). (4.22)

The eigenmode |H) of a perturbed Hamiltonian H = Hy 4+ 6H (which can be
nonHermitian) is then expressed as a linear combination of the unperturbed modes
with a vector of expansion coefficients C as:

+00
[H) =) " C*[H). (4.23)
k=1

The eigenvalue equation for perturbed modes will then be
(Fo + 8H) |H) = ? |H). (4.24)

Truncating (4.23) to a finite sum, substituting (4.23) into (4.24), multiplying the left and
right parts of (4.24) by (H?|, and taking into account (4.22), we arrive at a generalized
coupled mode eigenproblem with respect to the new frequency w:

(ND + 8H)C = w?NC. (4.25)

Here, N is a normalization matrix with elements N; j = (H?| HJQ) (N is diagonal for the
modes of a Hermitian Hamiltonian as follows from (2.82)), D is a diagonal matrix of
unperturbed eigenvalues Di; = oZ;, and 5H;j = (H?|5H| H?) is a generally nondiago-
nal matrix of coupling elements.

In perturbation theory formulation, analytical corrections to a particular eigenstate
and eigenfield can be found semi-analytically by assuming that perturbed eigenstates
can be Taylor expanded around the point of zero perturbation with respect to some small
parameter d. In particular, defining corrections of various orders as:
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1H0 = [HE) 8 [ )+ 82 HE) -
ok = oy + dwy y + Swyy + - (4.26)

Substituting (4.26) into (4.24) and equating the terms with the same order of a small
parameter & we arrive at the following equations:

Oth order PT: Ho [HY) = w2, [H?)
Istorder PT: Hod |HY) + 8H [HY) = w2, 8 |HE) + 280, g [HO)- (4.27)
2ndorder PT:

As in (4.23) we express the first-order correction |Hk1) in terms of a linear combi-
nation of the unperturbed modes. Multiplying the second equation by (H£| and using
orthogonality of the eigenmodes of a Hermitian Hamiltonian (2.82), we find:

1 <H£|5Q|Hk°)

200 (HOIH?)

W = wyy + + 0(8%)

GHEGIER
[Ho) = [HO) + D —5———"[H}) + 0(?). (4.28)
ik “@ok — Do j

Accounting for the absorption losses of the waveguide materials: calculation
of the modal lifetime and decay length

As an example of the application of perturbation theory, we calculate the finite life-
time of a fundamental core mode of a planar photonic-crystal waveguide, considered in
Section 4.1, in the case when reflector materials exhibit absorption losses. As mentioned
earlier, in the case of nonzero absorption losses, the material dielectric constant includes
a small imaginary part. Thus, the dielectric profile of an imperfect waveguide can be
expressed as e(r) = eo(r) + ia(r), where ia(r) defines the material absorption loss. The
impact of the imaginary part of a dielectric constant is especially easy to demonstrate on
the example of the modes of an infinite uniform dielectric characterized by the complex
dielectric constant ¢ = g + . As established in Section 2.1, eigenmodes of a uniform
dielectric are plane waves Hg exp(ikr — iwt), with a corresponding dispersion relation
k|2 = ew?.

Assuming that the propagation wave vector is purely real, for the dispersion rela-
tion to be satisfied in the material with a complex dielectric constant, the value of
a modal frequency has to be complex. In particular, in the limit o < g9 one can
rewrite the dispersion relation as w >~ wy — icwo/2e9, Where wg = [K|/ /0. Finally,
substitution of the complex frequency into the functional form of a plane-wave solution
gives Hg exp(ikr — iwpt) exp(—t awq/2¢0). This result suggests power decay in the elec-
tromagnetic wave due to material absorption with a characteristic time:

abs

Ty = 80/0[600. (4.29)

Alternatively, the complex dielectric constant can be interpreted as defining a finite
decay length over which modal energy is absorbed by the lossy materials. In particular,
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assuming that the modal frequency is purely real, for the dispersion relation to be satisfied
in the material with a complex dielectric constant, the modal wave vector has to be
complex. For example, for a plane wave propagating in the X direction, the corresponding
wave vector in the limit o < go will be ky > Ko + iako/2¢eq, where kg = wo /9. Finally,
substitution of a complex wave vector into the functional form of a plane-wave solution
gives Hp exp(ikox — iwgt) exp(—Xako/2¢p). This result suggests the power decay of the
electromagnetic wave due to material absorption with a characteristic length:

L3 = so/atko = 5™V, (4.30)
where vg = wyp/ Ko is the group velocity of a plane wave.

We now use the perturbation theory expression (4.28) to characterize the lifetime
of a guided mode propagating in a waveguide incorporating absorbing materials in its
structure. In particular, using the explicit form of the Maxwell Hamiltonian (2.71) we
find:

H=Vx (LVX) = Ho + &H
e(r)
1 Coa a(r)
80(r)Vx) ; OH ol —iV x (%Vx> . (4.31)

Using integration by parts and following the same steps as in (2.86) we can express the
first-order correction to the modal frequency as:

Ho:VX(

) JEECIE

ok —wgy 1 <Hk0'5H|Hk0> _ v (4.32)
S _ ] , _

@0k 200k <Hk° | Hk0> 2 /drs(r)|Ef3(r)|2

Vv

where we used the fact that the total electric and magnetic energies are equal to each
other, and integration is performed over the volume (or system over the waveguide
cross-section).

We now apply (4.32) to find the lifetime of the fundamental core-guided mode of a
hollow photonic-bandgap waveguide. Assuming that there are no losses in the core and
that the losses of the reflector materials are &(r) = &o(r)(1 + 19), (4.32) transforms into:

Wk — gy 1 <H|?|6H|Hko> . i§ E?éflector (4 33)
@ok 205 (H,? ] Hf> 2 Efu

Because of the exp(—iwt) time dependence of the modal electromagnetic fields, the
imaginary contribution to the eigenfrequency (4.33) defines the finite lifetime for the
waveguide guided mode as:

1 Eel
s = S0k (434)
ng total

Note that compared with the lifetime of a plane wave in a uniform dielectric (4.29), the
lifetime of a mode guided in the hollow core of a bandgap waveguide can be considerably
increased by reducing the fraction of light in the absorbing reflector. Depending on the
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polarization of the core mode and the value of the core dielectic constant compared
with those of the reflector, the lifetime of the mode can vary significantly. Thus, using
expressions for the fraction of the electric energy in the reflector (4.14), (4.18) and (4.21)
of Sections 4.2 and 4.3, we derive the following scaling relations with the waveguide
core size:

22 ‘ TE,6. — 0
5— for
1 -5 E?elzflector dg TM, 6y > 6. — 0,¢ > & > 8hf3|/(8h + <9|) (4 35)
abs 0.k el .
Tog E

1
total 5d— forTM, 6. — 0, & < ener/(en + &1).

c
Note that for both polarizations, larger core sizes lead to smaller losses and, therefore,
larger lifetimes of the guided modes. Note also that the finite lifetime of a guided mode
also defines a characteristic decay length L3 = 7@y, over which modal power loss is
incurred, where vy is the modal group velocity.

Perturbative calculation of the modal radiation loss in a photonic
bandgap waveguide with a finite reflector

In this section, we derive a perturbative expression for the radiation loss of a fundamental
core mode of a photonic-bandgap waveguide having a finite number of layers in the
reflector. The estimation of radiation losses, however, requires a formulation different
from the one presented in Section 4.4.

Physical approach

From physical considerations, modal propagation loss is caused by the nonzero electro-
magnetic energy flux outgoing from the waveguide volume. From Maxwell’s equations
it can be demonstrated that in the absence of free currents, the rate of electromagnetic
energy change inside a finite volume V is related to the outgoing energy flux through the
volume boundary A as:

fdas = %/deE, (4.36)
A \Y
where energy flux (Poynting vector) and energy density are defined as:
S=(E x H)
1 (4.37)
=3 (ED + BH).

A characteristic decay time of radiation from volume V can, thus, be defined as:

fovp fdas

(4.38)
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Figure 4.8 Radiation losses in photonic-crystal waveguides.

In the case of the guided mode of a waveguide, (4.38) becomes:

1 S
TWQ Etotal

where S; is a transverse component of the energy flux (see Fig. 4.8), while Et%lm is

the electric energy (which, for harmonic modes, is also equal to magnetic energy) in a
waveguide cross-section.

We now estimate the lifetime of a core-guided mode of a photonic-bandgap waveg-
uide with a finite reflector using (4.39). For the TE mode, the transverse flux is
S; = —Re(Ey) Re(Hy), while for the TM mode, it is S, = Re(Ey)Re(Hy). Note that
to evaluate the flux correctly, one has to use real fields; thus, for the harmonic fields:

S; = Re (E;(r) exp(iot)) x Re (H(r) exp(iwt))
= % (E;(r) exp(—iwt) + Ej(r) exp(iot)) x (H(r) exp(—iwt) + Hii(r) exp(iwt))
(52) = 5Re(E) (1) x Hi(P) (4.40)

where subscript || signifies “in-plane component of a vector”, while () signifies “time
average”. In a similar manner for the energy:

o= % [£(r) (Re (E(r) exp(iwt)))” + 11(r) (Re (H(r) exp(iwt)))?]
[s(r) (E(r) exp(—iwt) + E*(r) exp(iot))’

+ 1(r) (H(r) exp(—iwt) + H*(r) exp(iwt))z]

ook

(0) = 3 [£O) EOP + () HEP]. @4)

From the expressions (3.1), (3.2), (3.6), (3.7) for the electromagnetic fields in a general
multilayer system, it follows that in a waveguide cladding to the right of the core (see
Fig. 4.8) the total flux is:

h

k
(S)TE =en (S,)™ = i (I1A2n11l* = [Bonal?) - (4.42)
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Expression (4.42) suggests that the total flux through the waveguide boundary equals the
difference in the fluxes of the outgoing wave with coefficient A,y.1 and an incoming
wave with coefficient By 1.

In Sections 4.2 and 4.3, we have established several solutions for the TE and TM
modes of the photonic-bandgap waveguides with infinite reflectors (expansion coeffi-
cients (4.11) and (4.15)). Exactly the same expansion coefficients with indexes in the
range [-2N — 1, 2N + 1] also define a solution in a finite-size photonic crystal waveg-
uide with N reflector bilayers, terminated by the high-refractive-index cladding. From
the form of expansion coefficients (4.11) and (4.15), it follows that | Aoy 1| = [Bona1ls
thus making the total flux (4.42) traversing the waveguide boundary zero. To estimate
the lifetime of a guided mode due to radiation from the waveguide core one has to use
only an outgoing flux in (4.42). Thus, using |Aan41] coefficients in (4.11) and (4.15),
as well as expressions for the energy in a waveguide cross-section (4.13), (4.17), and
(4.20), we finally get:

2 TE,TM)2 2N 2
1 1 ANl (r ) fMem A p2N
rad ’ rad el q3 TE,TM
TTE TT™ E total de dg
0c—0  ec>enei/(enter)
0p>0.—0
2
1 [AoN 11l 1
~ ~ ) (4.43)
.L,rad Eel d r2N
™ total C'T™M
ec<enel/(enter)
(ad

Note for (4.43) that the lifetime of a bandgap-guided mode increases algebraically
with increasing core size, while it increases exponentially with the number of reflector
bilayers. Finally, note that in the case of a waveguide, the finite lifetime of a guided mode
also defines a characteristic decay length, L' = rradvg, over which modal power loss is
incurred, where vg is the modal group velocity.

Mathematical approach

While the qualitative expressions (4.43) for the rates of radiation decay capture cor-
rectly the underlying scaling laws, to get a quantitative answer one has to solve an
exact scattering problem with boundary conditions of zero incoming flux from infinity;
|Ban+1] = |A—an—1] = 0. In the transfer matrix formalism, the propagation constant ki
of a mode of a photonic-crystal waveguide with a finite periodic reflector (Fig. 4.8)
satisfies:

(P = o Mt ) (5 0 ). (4.49
—2N-1

In the following analysis we assume that the fundamental core mode is described by a

real frequency and a complex propagation constant ky = w./z cos(fc) + ia"/2, where
a™ is assumed to be small compared with the real part of the propagation constant.
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Because of the |exp(ikyz)|? ~ exp(—a'z) dependence of the energy flux, 1/« will
define a characteristic modal power decay length L™ along the direction of propaga-
tion. Starting with a photonic-bandgap waveguide with an infinite quarter-wave reflector
designed for an angle of incidence 6., and truncating the number of bilayers to N on
both sides of a core, the solution of (4.44) in terms of propagation loss " can be found
analytically. In particular, using individual layer thicknesses (4.7), and assuming that
o' < w,/zc, We use the Taylor expansion of all the matrices in (4.44) around the point
of zero losses a™ = 0:

rad

kx = w+/ec cos(6) + iaT;

«" cos(6;)

ki = wi/ecsin(0c) — i——

B 2 sin?(6;)
o cos(d
kM = w,/en) — c c0S2(6c) — i Ve ()
2 Jen) — & cos?(6;)
il a2 cos(6;)
= —i =7 -
be 2 % 2 2./gsin?(6)
] rad ) rad A cos(o
e L (4.45)
T2 2 "2 2 4(eny — &cc0s2(6c))

Keeping only the first-order terms in «", we can then solve (4.44) analytically to
find:
4N —rdr,
[#L(L —r2) +2rc (¢ +r¢1)] — rNre [regd(r? — 1) +2r (rgy + )]’
(4.46)
where, depending upon modal polarization, ro = rE, r, r = ryg, ry, as defined in
(4.11) and (4.19).

Assuming a large number of bilayers, so that r2N « 1, r28 <« 1, and
ec>enel/(enter)

rad

Op>0.—
(g > 1, and a large size of a waveguide core d; > A, for the radiation losses
gg<£8€|/(8h+£|)
of the fundamental core-guided mode, we find:
) N TE: 6. — 0
%\/% for| TM: Ec > 8h8|/(5h+8|)
Olrad _ 1 ~ c 30(8h - 80) 6o > 6. — 0 (4.47)
L rad oN
4 I'rm

for TM: ec < eney/(en + €1);6c — 0

de /zc(en — &0)
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Hamiltonian formulation of Maxwell’s
equations for waveguides
(propagation-constant consideration)

In Chapter 4 we have derived perturbation theory for Maxwell’s equations to find correc-
tions to the electromagnetic state eigenfrequency w due to small changes in the material
dielectric constant. Applied to the case of systems incorporating absorbing materials, we
have concluded that absorption introduces an imaginary part to the modal frequency, thus
resulting in decay of the modal power in time. While this result is intuitive for resonator
states localized in all spatial directions, it is somewhat not straightforward to interpret
for the case of waveguides in which energy travels freely along the waveguide direction.
In the case of waveguides, a more natural description of the phenomenon of energy dis-
sipation would be in terms of a characteristic modal decay length, or, in other words, in
terms of the imaginary contribution to the modal propagation constant. The Hamiltonian
formulation of Maxwell’s equations in the form (2.70) is an eigenvalue problem with
respect to w?, thus perturbation theory formalism based on this Hamiltonian form is
most naturally applicable for finding frequency corrections. In the following sections
we develop the Hamiltonian formulation of Maxwell’s equations in terms of the modal
propagation constant, which allows, naturally, perturbative formulation with respect to
the modal propagation constant.

Eigenstates of a waveguide in Hamiltonian formulation

In what follows, we introduce the Hamiltonian formulation of Maxwell’s equations for
waveguides, [1] which is an eigenvalue problem with respect to the modal propagation
constant 8. A waveguide is considered to possess continuous translational symmetry in
the longitudinal Z direction. The waveguide dielectric profile is then a function of the
transverse coordinates only ¢ = £(x, y). Assuming that the harmonic time dependence of
the electromagnetic fields F(x, v, z,t) = F(x, y, z) exp(—iwt) (F denotes the electric or
magnetic field vector), we introduce transverse and longitudinal components of the fields
as F = Fi+ F,Z, where F; = (Z x F) x 2. Maxwell’s equations (2.11), (2.12), (2.13),
(2.14) can then be written in terms of the transverse and longitudinal field components
as:

oE . oH .
a—zt +iopn (@ x H) = ViEy: a—zt — e (2 x Ey) = ViHy, (5.1)
2Vt x Ey = IC‘)MHZ: 2V1 x H¢ = —ia)8EZ, (52)
d(eE d(uH
Vi) = - 2CB gmy = 2 g

az 9z
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Eliminating the longitudinal E, and H; components from (5.1) by using (5.2) and

after some rearrangement using the identity 2 x (ViF) = —V; x (2ZF) we arrive at the
following:
.0~ (EuX,Y,2) ~( EdX,Y,2)
—i—B =H s 5.4
525 (Fic H(x. y. ) 54
where we define the normalization operator Banda waveguide Hamiltonian H as:
5 0 —Zx).
s (2 7, 59
- we — o WV x (2 (k™12 (Vix))) 0
H= -1 5 (=15 ’
0 wp — 0V x (2 (e712(Vix)))

Finally, from consideration of Chapter 2, the general form of a solution in a system
with continuous translational symmetry along the Z direction can be written as:

F(x,y, z,t) = Fg(x, y) exp(i(8z — wt)). (5.6)

After substitution of this form into (5.4) we arrive at the following eigenvalue problem
with respect to the modal propagation constant, and the transverse components of the
electromagnetic fields:

(B s ElXY)
" (Ht(x,y))ﬁ_ﬂB(Ht(x,y)>ﬂ’ &1
In Dirac notation, (5.7) can be written as:
“ . E(x,
H |Fs) = BB [Fs);  |Fp) = (Httg((ig)ﬂ (5.8)

Orthogonality relation between the modes of a waveguide made of
lossless dielectrics

In the case of a waveguide with a purely real dielectric profile ¢ = ¢*, u = u* (lossless
dielectrics), the generalized eigenvalue problem (5.7) is Hermitian. This allows us to
define an orthogonality relation between the distinct waveguide modes, as well as to
derive several integral expressions for the values of phase and group velocities.

To demonstrate that (5.7) is Hermitian, we have to show that both the normalization
operator B and the Hamiltonian operator H are Hermitian. We start by demonstrating
that the normalization operator B is Hermitian. Namely, for the dot product between the
two modes the following holds:

N E(.y)\ (0 —2x) [EX.y)
(FpIBIFg) = / dXdy(Ht(x,y)>ﬁ,<2x 0 )(Ht(x’y)>ﬁ

waveguide
cross-section

= / dxdyz (Efy (X, y) x Hig(X, y) + Egs(X, ) x Hiz (X, )

wc

= (Fg|BIFg)*, (5.9)



112 Hamiltonian formulation for waveguides

where t signifies complex transpose, and all the integrations are performed across a
two-dimensional waveguide cross-section. We now demonstrate that Hamiltonian H is
also Hermitian. Particularly:

(Fg|H|Fz) = /dxdy Efy (X, Y) [0g — 07" Vi x (2 (172 (V1)) | Egg(X. Y)

+ /dxdy Hiy (X, Y) [on — 07 Ve x (2 (672 (Vix))) | Hig (X, Y).
(5.10)

As an example, consider one of the complex terms in (5.10), which can be simplified
by using a 2D vector identity b - (Vy x @) = a - (Vi x b) + V¢ - (a x b):

/ dxdy o Efy (X, Y)Vi x (2 (12 (Vi x Eg(x. 1))
= /dxdy w2 (Vi x Eg(x. )] - [2 (Ve x Efp (X, )]

+ / dxdy Vi (5 (6. Y) x 2 (172 (Vo x Ey(c.y))) . (5.40)

wc

The last integral in (5.11) is over a 2D waveguide cross-section. This integral can be
transformed into a 1D contour integral along the curve encircling the waveguide cross-
section by using [ dAV;-a = ¢ dlI - a. Assuming localized states with vanishing fields
at distances far from the waveguide core, the last integral is zero. Finally, using (5.2),
(5.11) transforms into:

[ oy 0 g (0 )V x (2 (2 (< By, )
wc
= w/dxdy W H (X, Y)Hyg (X, ). (5.12)
wcC

Treating the other terms in (5.10) in the same manner, we arrive at the following expres-
sion for the matrix element:

(Fg|HIFg) = wfdxdy [Egs (X, Y)E (X, ) + iHis (X, y)Hg (X, y)]
wcC

~ o [ day[e" By ( VE (6. Y) + i H 06 M (6.
wc

(5.13)

From the explicit form of (5.13) it also follows that for the real dielectric profiles
(Fg|H|Fg) = (Fg|H|Fg)*, and, thus, operator H is Hermitian.
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Now, using the fact that both operators in (5.7) are Hermitian, we can demonstrate
orthogonality between the two distinct waveguide modes. In particular, for the two modes
with propagation constants g and g'we can write:

(Fs| "A'A|Fﬁ) = B{Fs| B:|Fﬂ> (5.14)
(Fs|H [Fg) = B'({Fs| B |Fg).

Using the fact that operators H and B are Hermitian, after complex conjugation of the
first equation in (5.14) and its subtraction from the second one we get:

(8'— B") (Fs| B|Fs) =0. (5.15)

Therefore, if g* # B/, the only way to satisfy (5.15) is through modal orthogonality in
the sense:

BIFs)=0; p*#8. (5.16)

(Fg

Note that (5.16) is a somewhat unusual orthogonality condition. In fact, even a waveg-
uide with a purely real dielectric profile can have modes with imaginary propagation
constants. These physical modes are the evanescent waves that decay exponentially fast
along the direction of their propagation. For an evanescent wave, the overlap integral
in (5.16) is not zero only between the mode itself and another evanescent mode with
a complex-conjugate propagation constant. Generally speaking, the dot product (5.9),
although supporting an orthogonality condition (5.16), does not constitute a strict norm
and, therefore, can take any complex value.

Finally, for an evanescent wave with a complex propagation constant 3, the existence
of an evanescent wave with a complex conjugate value of the propagation constant g*
is assured for purely real dielectric profiles. Namely, starting with an evanescent wave
satisfying:

H |Fs) = BB |Fg), (5.17)
and after complex conjugation of (5.17) we get:
H |Fs)" = "B |Fs)", (5.18)

where from the explicit form (5.5) of the waveguide Hamiltonian it follows that H* = H
for the real dielectric profiles. Therefore, we conclude that |Fg)* is also an eigenstate of
the Hamiltonian (5.5) with propagation constant g*.

In what follows we assume that the mode in question is a true guided wave that
has a purely real propagation constant 8, which is the case for the most problems of
interest. All the results derived in the following sections are also applicable for the
evanescent waves with complex propagation constants; however, in all the expressions,
matrix elements of the form (Fg|. .. |Fg) have to be substituted by matrix elements of
the form (Fg-| ... |Fg).



114

5.1.2

51.3

Hamiltonian formulation for waveguides

Expressions for the modal phase velocity

In this section we derive an integral expression for the phase velocity of a mode of a
waveguide with a purely real dielectric profile. Applying (5.13) to the same mode gives:

(FsIHIFs) =40 (Eje — Efc) (5.19)

where we have used (4.41) to define transverse and longitudinal time-averaged electro-
magnetic energy densities:

1
Ehe = 7 [ Oy [e [0 0 + 1 Hy )]
wC

. (5.20)
Ehe = 4 [ Oy o[BI + e Hyx ).
wcC

Applying (5.9) to the same mode gives:

(F4IBIFg) = /dxdyi (Efs (X, y) x Hig(X, y) + Ep(X, y) x Hiz(x, y)) =4S},
WC

(5.21)

where SZ, is a time-averaged longitudinal component of the energy flux (see (4.40)).
Finally, from (5.9) and (5.13) we derive a useful identity for the propagation constant
of a waveguide-guided mode, as well as for the modal phase velocity:
oo @ @ (FIBIF,) Sie

Expressions for the modal group velocity

In this section, we derive an expression for the group velocity of a mode of a waveg-
uide with a purely real dielectric profile. As a theoretical approach we use a so-called
Hellmann—Feynman theorem, according to which, derivative of the eigenvalue of a Her-
mitian operator can be calculated as a mean of the operator derivative.

We start with a mode having propagation constant 8 and satisfying the Hamiltonian
equation:

H |Fs) = BB |Fg). (5.23)

To find the modal group velocity, defined as vg*1 = 0B/0dw, we first differentiate (5.23)
with respect to w:

oH IFg
%“:ﬂ)"'H o

dw
and then multiply the resultant expression from the left by (F4|:
@> _ 9B

do | dw

_Bg ;19Fs
>_ 8wB|F¢;>+ﬁB‘ aw>’ (5.24)

aH .
(Fﬂ|%’Fﬂ>+<Fﬁ|H

(Fs| B|Fs)+ B(Fs| é‘%>_ (5.25)



5.1 Eigenstates of waveguide in Hamiltonian formulation 115

Using the Hermitian property of the Maxwell Hamiltonian (5.5) for the waveguides with
purely real dielectric profiles, we find:

98\ (08| e g 8] 2P
(Fs| H aw>_<3w‘H|Fﬁ) = B(Fs| B aw>' (5.26)
From (5.25) it then follows that:
aH
(Fsl ——[Fs)
R A PR 527

To calculate the matrix element in the denominator of (5.27) we first differentiate with
respect to w the explicit form (5.5) of the Hamiltonian H to find:
oH <g + 02V x (2 (1712 (Vix))) 0

N 0

dw i+ o2V x (2 (8‘12 (Vtx)))> . (5:28)

and then use integration by parts, similarly to (5.11), to arrive at the following form of
the matrix element:

aH
(Fo| = IFs) = /dxdy [ [0 ) + 1 [y, || = 4B (5.29)
WC

Substituting (5.29) into (5.27), and using definitions (5.20) and (5.21) for the modal
electromagnetic energy flux, we finally get:
1 _ 08 _ B Bl tEL

=% - , 5.30
Vg 0w Sk, S, (530)

which can also be compared to the expression for the modal phase velocity (5.22)

v,;l = B/w = (Eie — Ele)/Sie-

5.1.4 Orthogonality relation between the modes of a waveguide made of
lossy dielectrics

In the case of a waveguide with complex dielectric profile ¢ £ ¢* or u # u* (absorbing
dielectrics), the generalized eigenvalue problem (5.7) is no longer Hermitian, therefore
the results of the previous section, including the orthogonality relation (5.15), are no
longer valid. Interestingly, by modifying the definition of a dot product (5.9) between the
modes, one can still derive a modified orthogonality relation, as well as several useful
identities involving the value of the propagation constant.

In particular, we modify the dot product between the two modes to be:

T ~
) ) - NS
B = EalBE = / dmy(Htt((i’@ (zox SX)<HZ((§§))>
) B , 8

waveguide
cross-section

_ / dxdy2 (Eqg (X, y) % Hig(X, ¥) + Ep(X, ¥) x Hyp (%, ), (5.31)
WC
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where superscript T signifies vector transposition. We now introduce the modified matrix
elements consistent with the dot product (5.31):

(Fg|H|Fz) = /dxdy Ep (X, Y) [0e — o Vi x (2 (2 (Vix))] Eis(X. Y)

+ /dxdy Hip (X, ¥) [0 — 07 Ve x (2 (672 (Vix))) [ Hig (X, Y).

(5.32)
Proceeding as in (5.11), one can show that:

(Fo|HIFg) = (Fg|HIFg) (5.33)

= wfdxdy [sEﬁ,(x, YIEg(X, y) + iHg (X, y)H,(x, 1B
wc

where E and H are the full vectors (all three components) of the electromagnetic fields.
Applying (5.31) and (5.33) to the same mode, and using (5.8), gives:

dxdy [eE5(X. y) + nH5(x. y)]

_ FslHIFp) _ e . (5.34)

 (FsIBIFs) Z/dxdyi (Exp(x, y) x Hig(x, )

Finally, we demonstrate the modified orthogonality relation between the two distinct
waveguide modes. In particular, for the modes with propagation constants g and g’ from
(5.8) it follows that:

(Fe | H [Fg) = B(Fg| B |Fg)
(Fo| H |[Fg) = B/ (Fs| B|Fs).

Using the equalities in (5.31) and (5.33) and subtracting the first equation in (5.35) from
the second one we get:

(5.35)

(B — B)(Fs| B|Fs) = 0. (5.36)

Therefore, if B # ', the only way to satisfy (5.36) is through modal orthogonality in
the sense:

(Fo|B|Fs)=0; B#B. (5.37)
Perturbation theory for uniform variations in a waveguide

dielectric profile

In this section, we derive corrections to the modal propagation constants and eigenfields,
assuming that the waveguide dielectric profile is weakly perturbed in such a manner as
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Unperturbed
Y Uniform
z(g_. perturbations
X e(x,y) + 6e(xy)
(a) (b) (c)

&1+ Sei(x,y)

Figure 5.1 Possible uniform variations of a waveguide profile. (a) Perturbations that do not
change the positions of the dielectric interfaces and do not change the original symmetry. For
example, addition of material absorption losses. (b) Perturbations that do not change the
positions of the dielectric interfaces but do break the original symmetry. For example, variations
in dielectric profile that break the circular symmetry of a fiber, such as stress-induced
birefringence. (c) Perturbations that do change the positions of the dielectric interfaces. For
example, fiber ellipticity.

to maintain its uniformity along the direction of modal propagation. In this case, the
perturbed waveguide still maintains continuous translational symmetry, and, therefore,
allows harmonic eigenmodes labeled by the conserved propagation constants. An exam-
ple of such uniform perturbation can be adding a small imaginary part to the dielectric
constant of the underlying materials, thus introducing material absorption losses, as
shown in Fig. 5.1(a). Another example is modal birefringence induced by trasversely
nonuniform variation in the dielectric profile (Fig. 5.1(b)) without the actual change in
the position of dielectric interfaces. Such perturbation can be induced, for example, by
stress accumulation during imperfect fiber drawing.

The perturbation theory formulation presented in this section is valid for any uniform
variation of a waveguide dielectric profile, regardless of the index contrast, as long
as this variation does not change the position of the dielectric interfaces. Perturbative
expressions similar to the ones derived in this section can also be found in earlier works.
[2,3] Moreover, if the index contrast in a waveguide dielectric profile is small (typically,
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less than 10% in the ratio of the index contrast to the average index of refraction [1]),
then the perturbation theory developed in this section tends to be also valid even when
material boundaries are shifted (the case of fiber ellipticity shown in Fig. 5.1(c), for
example). In general, the development of perturbation theory for the case of high-index-
contrast waveguides with shifting material boundaries is nontrivial and is beyond the
scope of this book. [4,5,6] One of the few cases when it can be done relatively simply
is in the case of isotropic scaling of a dielectric profile, which is presented at the end of
this section.

Finally, in what follows we assume that the mode in question is a true guided wave
that has a purely real propagation constant 8. However, all the results derived in the
following sections are also applicable for evanescent waves with complex propagation
constants, but, in all the expressions, matrix elements of the form (F4| ... |Fz) have to
be substituted by matrix elements of the form (Fg-|...|Fg).

Perturbation theory for the nondegenerate modes: example of
material absorption

In this section we derive expressions for the first- and second-order perturbation-theory
corrections to the modal propagation constant and modal fields of a perturbed Hamil-
tonian. We then apply these expressions to characterize modal propagation losses in a
waveguide that incorporates absorbing dielectrics. In this section we suppose that the
waveguide mode is either nondegenerate (TE or TM mode of a planar waveguide, for
example), or that the perturbation in question does not lead to coupling between the
degenerate modes (for example, in the case of a doubly degenerate linear-polarized
mode of a circular fiber under a circular symmetric perturbation of a dielectric constant,
like material absorption).

Defining §H to be the correction to an unperturbed Hamiltonian Ho, assuming purely
real unperturbed dielectric profile and dot product (5.9), and using eigenmodes of Her-
mitian Hamiltonian H, satisfying:

n 0 =
Ho |FS,) = 5B |FY,). (5.38)
similarly to (4.26), (4.27), (4.28), one can demonstrate that the propagation constants

and fields of the perturbed guided modes are related to those of the unperturbed modes
as:

SH|F,) (FS, [sH] 78, ) (7S,

R nen (P [B PR (F [B[ Fg) o A

ByCReal

5I—f‘F%O> 1

first-order correction K . .
second-order correction due to coupling to true guided modes

0 =] 0 7| g0
(Fh [oH] 7 ) (75 (oW1 7)o
Byccomplex <Fgo ‘BA‘ F%0> <Fg(;* BA‘ Fgé> Bo— Po

second-order correction due to coupling to evanescent modes

+0(8%), (5.39)

+
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and

) )

~ Y
Bo#Bo <F/03,0 B‘F/O%> Bo — Bo

ByCreal

|Fy) = ’F%0>+

first-order correction due to coupling to true guided modes

< ﬁ/*

B, Ccomplex < B

n 5H‘ ) [P + 0(8). (5.40)

F%O,> By — B’

first-order correction due to coupling to evanescent modes

Moreover, the modified propagation constants (5.39) and fields (5.40) are the true eigen-
values and eigenfunctions of the perturbed Hamiltonian up to the second order in the
perturbation strength:

(Ho+8H) [Fy) = BB |Fs) + O(&). (5.41)

We now compute the first-order correction (5.39) to the modal propagation constant
due to a small perturbation in a purely real dielectric profile e(x, y) of a waveguide.
Assuming perturbation in the form e(x, y) — (X, y) + d&(X, y), u = 1 we derive for
the perturbation correction to the Hamiltonian:

wde 0
SH = (8 + b¢) — H(e) &:@( 0 w0V, x ( (égz(v x)))) . (5.42)

The matrix element for the first-order correction in (5.39) can be simplified by using
integration by parts and equations (5.1), (5.2), and (5.3). Following the same steps as in
(5.10) one can demonstrate that:

<F° ‘6H‘F° —w/dxdyée(x y) [Eff (. )Eg (X, ¥) + E;9 (X, Y)Egs (x. ¥)] .

(5.43)

and, finally, to the first order:
(F%O \m\ Fg0>

AN (5.44)
(72, [ 2.)

,3_/30 =

/dxdy de(x, y) |EY (x, v

/ dedy 2 (D, (x. ) x HOy (6. Y) + ED, (x. ) x H (¢ )
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Modal propagation loss due to waveguide material absorption

5.2.2

We now apply (5.44) to characterize modal propagation losses in a waveguide made
of absorbing materials. Material absorption can be characterized by a small imaginary
contribution to the waveguide refractive index:

e(x.y) = (Veolx. y) +ini(x, y))? (5.45)
— de(X,Y) ni<=<go 2in; (X, y)v/eo(X, Y).

Accordingto (5.44), this defines the imaginary contribution to the propagation constant
B — By o i(n;), leading to the modal field decay along the direction of propagation due
to the exp(iBz) dependence of the fields. If the losses of all the absorbing materials are
the same nj(x, y) = n;, (5.44) can be further simplified. Namely:

B—By= injof
2
) / dxy /z0(x, Y) |ES, (X, V)|
‘¢ absorbing region , (5.46)

a2 (5 6,90 x HE (6 9) + B9, ) x HE, . 9)
wc
where integration in the denominator is performed only over the spatial regions containing
absorbing materials, while f defines the modal field fraction in the absorbing regions.
After substitution of a complex propagation constant (5.46) into the functional form of
modal fields (5.6), for the modal energy flux we get S, ~ exp(—2zn;wf). This defines the
propagation loss of a waveguide mode as a;ﬁ[l/m] = 2njwf. In engineering, it is also
customary to express the modal power loss in units of [dB/m], which for exponentially
decaying functions is defined as:
10 S:(z 20
ayl[dB/m] = ~2im log; o (SZEO;) = Iog(lo)nia)f. (5.47)
To understand (5.47) better, we compare it with the absorption loss of a plane wave
propagating along the Z direction in a uniform absorbing dielectric described by & =
(/0 + inj)2. From the dispersion relation of a plane-wave solution k? = w?¢, it follows
thatk, = wo./e0 + injw, and, therefore, the bulk material absorption loss can be defined
as aMa®rial[1 /m] = 2njw. Thus, the propagation loss of a waveguide mode is related to
the bulk absorption loss of a constituent material as:

e = o (5.48)

where f, defined in (5.46), is a modal field fraction in the absorbing region.

Perturbation theory for the degenerate modes coupled by perturbation:
example of polarization-mode dispersion

In this section, we deal with modes that are degenerate (having the same propagation con-
stant) in an unperturbed waveguide, while later coupled by the perturbation in a waveg-
uide dielectric profile. As a result, the propagation constants of the perturbed modes will
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become different from each other, with the difference proportional to the perturbation
strength. An example of such modes might be the doubly degenerate circular-polarized
modes of a circular symmetric fiber. Under a noncircular symmetric perturbation of a
dielectric profile, such as stress-induced change in the refractive index of a fiber under
pressure (see Fig. 5.1(b)), two originally degenerate modes will form two properly sym-
metrized supermodes with distinct propagation constants 8+ and 8~. The goal of this
section is to derive first-order perturbation theory corrections for the modal propagation
constants and modal fields of a perturbed Hamiltonian.

We define |F%:) and |F%0‘) to be the orthogonal degenerate eigenmodes with a real
propagation constant By. In the unperturbed system, any linear combination of such
modes:

Fa)=C*|F5)+ o |Fo). (5.49)

is also an eigenstate of a waveguide Hamiltonian with the same value of a propagation
constant. When perturbation is introduced, (5.49) no longer remains an eigenstate of
a perturbed Hamiltonian, except for a specific choice of the expansion coefficients. In
particular, consider the eigenequation for the new eigenstates under the presence of a
perturbation:

(I—fo + 5!—?) (C+ ‘F%j> +C- ‘F%ﬂ‘»
= (fo+88) B (CT[FS )+ |FS)) + 0. (5.50)

Multiplying the left and right sides of the equations by (F3"| and (F}~|, assuming
orthogonality of the degenerate states (F%j|l§|F%3‘) =0, (_Fg:’|l§|F%;’> = (!:%O‘|I_§|F%O‘> #
0, and keeping all the terms up to the first order we arrive at the following eigenvalue
problem with respect to the correction in the propagation constant (8 — Bo):

(RO oM |For) (5 oH |FS;) (C)

(F%O“SI-T‘F%;’> <F§;‘5H“F§O—> C-

= (B — Bo) (5.51)

(Fi|8lF) o (c) |

0 <Fgo—) B ’F%0‘> C-

Frequently, one encounters the case when diagonal elements are zero (F%Oilél—ﬂngc) =
0, while <Fg0+|5|4||:g0—> = (Fgo—|5|4||=gj)*. The solution of (5.51) is then particularly
simple:
(P o |F5 )
B* =Pot - ———L, (5.52)

(Fi. [8[F%)



122 Hamiltonian formulation for waveguides

while fields of waveguide supermodes are:
1 _
Fae) =5 (|F5) = |F5) - (5.53)

Modal birefringence and polarization-mode dispersion induced by the elliptical
variations in a circularly symmetric fiber
As an example, consider mode birefringence in a circularly symmetric fiber induced by
a noncircularly symmetric perturbation of a dielectric profile of the form:

e(r) — e(r)(1 + 6cos(20)), u = 1. (5.54)

Such a perturbation can arise from a uniaxial compression or heating of the fiber.
Unperturbed circular symmetric fibers possess both continuous translational and con-
tinuous rotational symmetries, defining a general form of a solution (in cylindrical
coordinates):

|Fn.s) = EXp(imO)F,, 4 (o). (5.55)

Forany m > 1, the modes with angular momenta +=m are degenerate with the same value
of propagation constant 8. Moreover, it can be demonstrated directly from Maxwell’s
equations that the fields in the degenerate modes (m, Bg), (—m, Bo) can be chosen to be
related by the following transformations:

E,"(p) = E'(0). E,"(0)=E](0), E;"(p)=—E;(0)
H,"(p) = —H"(p), H,"(p) =—H](p). E;"(0) = Hg'(0). (5.56)
We now apply (5.52) to estimate the modal birefringence due to a noncircularly sym-

metric perturbation of a dielectric profile of the form (5.54). For the fundamental mode
m = 1, the coupling element (F({J30 |6 I—T|F9Lﬂo) can be found easily from (5.43):

0 Tl 20
(R4 [0H| P21 )

*0 0
o B o) (0> DB (1) 6)

=dw / pdp/d@ cos(20)e(p) | t E;&Aﬂo)(p,Q)Eg(_lyﬂo)(p,g)
0 0 + Ej&ﬂo)(X, y)E?(—l,BO)(X’ y)
2r

+00
= &oofpde/dO cos(20) exp(—i20)e(p)

g [‘Eg(wo)(ﬂ)\z - el o] + E3(1,ﬂ0>(")ﬂ

+00

gw / 2pdpe(p) [‘Eg(l’ﬁo)(p)‘z - ‘Eg(l,ﬁo)(l))’z +
0

Eg(lﬁo)(l))’z}

=208 [E¥ — EJ' + EF'], (5.57)

p
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where E;'qe,z are the electric energies of the various field components in a waveguide
cross-section. Finally, from (5.52) it follows that the difference in the propagation con-
stants of the newly formed supermodes (perturbation induced birefringence) form = 1
is:

EZI _ Egl + Egl

t-Bg =5 5.58
Brop =8 ot—a—r, (5.58)
while the supermode fields are linearly polarized modes of the form:
1 1 -1
Fre) = 3 (F8) £ 7))
F,) E}(p) cos(), E}(p) cos(6), iE;(p) sin(6), (5.59)
70 \ iRk (o) sin(6). iH (p) sin(6). H (o) cos(6) '

= _ (E)sin®). i} (p) sin(). Ei(p) cos(®),
Firl = H}(p) cos(9), H2(p) cos(6). iH; (o) sin(9) )

The splitting of a doubly degenerate fundamental m = 1 mode under external per-
turbation into two supermodes with somewhat different propagation constants can have
serious implications on the information capacity carried by the fiber link. In particular,
after an initial launch into a doubly degenerate mode, in the region of perturbation the sig-
nal will be split between the two supermodes propagating with somewhat different group
velocitiesvg+ = dw/dBT # Vg = dw/0B~. Assuming that the same perturbation persists
over the whole fiber link, after the propagation distance L((vg)™! — (vg)™) o« B,
where B is a signal bit rate, the signal will effectively be scrambled. The parameter
T = (v;)‘l — (vg‘)‘1 is called an inter-mode dispersion parameter and can be expressed
through the frequency derivative of a modal birefringence (5.58) as:

r = (v;)_l - (v*>_1 _WBT=F) (5.60)

¢ dw

Perturbations that change the positions of dielectric interfaces

In the case of high-index-contrast waveguides and variations leading to the changes in
the position of dielectric interfaces, the correct formulation of perturbation theory is
not trivial. [4,5] The conventional approach to the evaluation of the matrix elements
described in 5.2.1 and 5.2.2 proceeds by first expanding the perturbed modal fields into
the modal fields of an unperturbed system, and then, given the explicit form of a perturba-
tion operator, by computing the required matrix elements. Unfortunately, this approach
encounters difficulties when applied to the problem of finding perturbed electromagnetic
modes of the waveguides with shifted high-index-contrast dielectric interfaces. In this
case, the expansion of the perturbed modes into an increasing number of the modes of
an unperturbed system does not converge to a correct solution when the standard form
of the matrix elements (5.43) is used. [4] The mathematical reasons for such a failure
lie in the incompleteness of the basis of the eigenmodes of an unperturbed waveguide in
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the domain of the eigenmodes of a perturbed waveguide, as well as in the fact that the
mode-orthogonality condition (5.16) does not constitute a strict norm.

We would like to point out that coupled-mode theory using standard matrix elements
(5.43) cansstill be used even in the problem of perturbations in high-index-contrast waveg-
uides with shifting dielectric interfaces. [6] However, as an expansion basis for the fields
of a perturbed mode, one has to use modes of a waveguide with a continuous dielectric
profile (graded-index waveguide, for example), rather than modes of an unperturbed
waveguide. Unfortunately, in this case, the convergence of such a method with respect
to the number of modes in the basis is slow (at most linear). A perturbation formulation
within this approach is also problematic and, even for a small perturbation, a complete
matrix of the coupling elements has to be recomputed.

Other methods developed to deal with shifting metallic boundaries and dielectric
interfaces originate primarily from the works on metallic waveguides and microwave
circuits. [6] There, however, the Hermitian nature of Maxwell’s equations in the problem
of radiation propagation along the waveguides is not emphasized, and consequent devel-
opment of perturbation expansions is usually omitted. Moreover, dealing with nonuni-
form waveguides, these formulations usually employ an expansion basis of instantaneous
modes. Such modes have to be recalculated at each different waveguide cross-section,
thus leading to computationally demanding propagation schemes.

Recently, the method of perturbation matching [4] was developed to allow computation
of the correct matrix elements using, as an expansion basis, the modes of an unperturbed
waveguide. This method is valid for a general case of any analytical variation of the
waveguide geometry. To derive a correct form of the matrix elements one starts by
defining an analytical function that describes the variation of the waveguide dielectric
profile. One then constructs a novel expansion basis using spatially stretched modes of an
unperturbed waveguide. The stretching is performed in such a way as to match the regions
of the field discontinuities in the expansion modes with the positions of the perturbed
dielectric interfaces. By substituting such expansions into Maxwell’s equations, one then
finds the required expansion coefficients. It becomes more convenient to perform further
algebraic manipulations in a coordinate system where stretched expansion modes become
again unperturbed modes of an original waveguide. Thus, the final steps of evaluation
of the coupling elements involve transforming and manipulating Maxwell’s equations
in the perturbation-matched curvilinear coordinates. Although powerful, this method is
best suited to deal with the geometrical variations described analytically.

To demonstrate the method of perturbation matching, we consider a uniform scaling
perturbation, where all the transverse coordinates are scaled by the same factor:

X' =x(1+96),y =y1+596),7 =z (5.61)
As in the rest of the chapter, we develop perturbation theory in 8 keeping the frequency
o fixed. We start by defining a perturbed dielectric profile using the dielectric profile of

an unperturbed waveguide through coordinate transformation (5.61) as:

Eperturbed = Eunperturbed xX'(x,y), y'(x, y)). (5.62)
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Thus defined, the stretching corresponds to a uniform increase or decrease of all the
waveguide dimensions. Given the modes of an unperturbed waveguide Fgo(x, y), we
define an expansion basis of the stretched modes as:

Floi) (X, 1), Y (X, ). (5.63)

Note that the positions of the dielectric interfaces in a perturbed dielectric profile (5.62)
will coincide, by definition, with positions of the field discontinuities in the perturbation-
matched expansion basis (5.63). Finally, the fields Fg(., (x, y) of a perturbed mode are
expanded in terms of a linear combination of the basis functions (5.63):

Faw) (6 y) = Y CHFY (X (X, ), Y (X, Y)). (5.64)
Bo

In the case of a uniform variation (5.61), from (5.5) and (5.7) it follows that F%O x@1+
0), y(1 + d)) isan eigenfunction of the same waveguide Hamiltonian (5.5), however, with
adifferent propagation constant 8 = Bo(1 + 0), and adifferent frequency ® = w(1 + 9).
Thus:

Fpo+5).01+8) (X, ¥) = Fpo0(X(1 +0), y(1 +9)). (5.65)

Note that even though the perturbation-matched basis function F?,o(x(l +90), y(1+9))
is an eigenstate at @, it is, however, not an eigenstate at w. Therefore, even for a simple
scaling perturbation (5.61), the perturbed eigenstate Fg(x, y) is still described by an
infinite linear combination of basis functions (5.64). Finally, by substitution of (5.64)
into the perturbed Hamiltonian, after making a coordinate transformation (5.61), keeping
only the terms of the first order, and using orthogonality relations between the modes of
an unperturbed Hamiltonian, one can derive the first-order perturbative corrections to
the values of the propagation constants.

Fortunately, in the particular case of scaling perturbation (5.61), the same result can be
achieved much more simply. Thus, from (5.5), (5.7) it follows that given an unperturbed
waveguide dispersion relation B(w), for any scaling factor (1 4 8) the following holds
for the dispersion relation B(w) of a scaled waveguide:

Blo(l +8) = Bw) - (1 +8) — Blw) =B (%) 1+ 9). (5.66)

Using Taylor expansion of (5.66) to the first order in a small parameter o, we then find
the first-order correction to the modal propagation constant due to uniform scaling:

Bl@) - plo) =& (,g(w) . waﬂ)

9
. 11 EZ,
Bo) — Bl) = 5o (v—p - %) — 520", (5.67)

where we have used integral expressions (5.22), (5.30) for the phase and group velocities.
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Figure P5.1.1 Schematic of a two-waveguide coupler. (a) Dielectric profiles of the two constituent
slab waveguides. (b) Dielectric profile of a uniform cladding. (c) Dielectric profile of a two-slab
waveguide coupler.

Problems

5.1 Supermodes of a two-waveguide coupler

Inthis problem we use perturbation theory to find electromagnetic eigenstates of a coupler
made of the two phase-matched, weakly coupled slab waveguides (see schematic in Fig.
P5.1.1). Propagation is assumed to be along the Z direction.

Consider I—Tl and H} to be the Hamiltonians of the two constituent slab waveguides
(not necessarily identical) with step-like dielectric profiles, shown in Fig. P5.1.1(a). Let
U be the Hamiltonian of a uniform cladding (see Fig. P5.1.1(b)). We define |y1), |¥7) to
be the modes of the two individual slab waveguides, which are phase-matched at a given
frequency w. In this case, the waveguide modes have the same value of a propagation
constant k?, and they satisfy the following equations:

Hilvi) = KCy)
Holv2) = KOy).

For the step-index dielectric profile shown in Fig. P5.1.1(c), it can be confirmed directly
from the explicit form of a Hamiltonian operator (5.5) that the Hamiltonian for a two-
waveguide coupler can be written as:

(P5.1.1)

We now presume that the coupler eigenstate |v), satisfying:
(Hi+ Ho = 0)lve) = kalve), (P5.1.3)

can be approximated by the linear combination of the eigenstates of two constituent
waveguides:

[Ye) = ailyn) + az|y), (P5.1.4)
with the new eigenvalues:

k, = kO 4 ok,. (P5.1.5)
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Substituting (P5.1.4) and (P5.1.5) into the coupler eigenequation (P5.1.3), find the
first-order accurate expressions for the values of the supermode propagation constants
(P5.1.5), as well as the corresponding field combinations (P5.1.4), assuming:

(W1lHy =0 [y2) = (Yol H1 = U Y1) =& C Real
W lv) =1 (Y| ) =

Hint: as a small parameter for perturbative expansions use the value of the intermodal
coupling strength 4. Terms of the form (wl | 1//2) and (v, | y1) are of the first order
in coupling strength, while the terms (v | H, —U [y1) and (yr| H, -0 |y2) are of the
second order in the coupling strength and can be omitted.

(P5.1.6)

5.2 Suppression of the propagation losses for the core modes
of a hollow photonic crystal waveguide

In this problem we compute absorption losses of the fundamental TE-polarized mode
propagating in the hollow core of a photonic bandgap waveguide. We assume that the
hollow core is filled with a weakly absorbing gas of refractive index ng = ngy + inig. We
also assume that the periodic reflector is made of much stronger absorbing dielectrics
with refractive indices n = n{ + inj, n, = nf, + inf, such that nj < nj, ni. For the TE-
polarized mode guided by the bandgap of a quarter-wave reflector, the electric field
distribution is presented in Fig. 4.4. In particular, in each of the reflector layers, the field
intensities | Ey(z)|? are proportional to either cos?(r nn,1/2) (low refractive index layers)
or sinz(n nn.1/2) (high refractive index layers), where nn 1 = (Z — Zjeft interface)/0n.1- In the
core layer, the field intensity is cos?(7 n¢), where 1. = z/d.. The amplitude coefficients
in front of the cosines and sines are also indicated in Fig. 4.4.

Using the perturbation theory expression (5.44), find the modal propagation loss

aye[1/m] = 2|i| of a fundamental TE-polarized core-guided mode of a hollow-core
photonic crystal waveguide, where g; = g — B, is an imaginary correction to the modal
propagation constant.

In the limit of a waveguide with a large core diameter d; > A, simplify the expression
for the modal propagation loss and confirm that the contributions of the bulk absorption
losses of the reflector materials are suppressed by the factor (1/d.)3. Establish the min-
imal diameter of a hollow core above which modal propagation losses are dominated
only by the absorption loss of a gas filling the hollow core.
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6.1

Two-dimensional photonic crystals

In this section we investigate photonic bandgaps in two-dimensional photonic crys-
tal lattices. We start by plotting a band diagram for a periodic lattice with negligible
refractive-index-contrast. We then introduce a plane-wave expansion method for calcu-
lating the eigenmodes of a general 2D photonic crystal, and then develop a perturbation
approach to describe bandgap formation in the case of photonic crystal lattices with small
refractive index contrast. Next, we introduce a modified plane-wave expansion method
to treat line and point defects in photonic crystal lattices. [1,2] Finally, we introduce
perturbation formulation to describe bifurcation of the defect states from the bandgap
edges in lattices with weak defects.

The two-dimensional dielectric profiles considered in this section exhibit discrete
translational symmetry in the plane of a photonic crystal, and continuous translational
symmetry perpendicular to the photonic crystal plane direction (Fig. 6.1). The mirror
symmetry described in Section 2.4.7 suggests that the eigenmodes propagating strictly
in the plane of a crystal can be classified as either TE or TM, depending on whether the
vector of a modal magnetic or electric field is directed along the Z axis.

Two-dimensional photonic crystals with diminishingly
small index contrast

In the case of a 2D discrete translational symmetry, the dielectric profile transforms into
itself e(r + or) = ¢(r) for any translation along the lattice vector or defined as or =
a1 Ny +a2Ny, (N1, Np) C integer. Lattice basis vectors (a1, @,) L Z are said to define a
Bravais lattice, and it is presumed that they are noncollinear. As described in Section
2.4.5 (see the 2D discrete translational symmetry subsection), the general form of an
electromagnetic solution reflecting 2D discrete translational symmetry is a Bloch form:

Fi (r) = exp(ikiry) U (1))
Up, (re +a@iNg 4+ aNz) = U (1), (6.1)
(N1, N2) C integer,

where F denotes either the electric or magnetic field, and t denotes transverse component
of a vector confined to the plane of photonic crystal.
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Figure 6.1 Two-dimensional photonic crystal exhibiting discrete translational symmetry in the
Xy plane and continuous translational symmetry along the Z direction. The symmetry
consideration suggests two possible polarizations, which are TE- and TM-polarized modes with
the directions of the electromagnetic field vectors as demonstrated above.

We now define the basis vectors of a reciprocal lattice as:

- @ x?
by = 27— 2%

— 2X51
=2 ———. 2
S @D e

Bloch states with k; and k; + G are identical for any G = by Py + b, P, (P1, P2) C
integer, thus only a small volume of the reciprocal phase space can be used to label the
modes (first Brillouin zone). Moreover, if discrete rotational symmetries are present, then
only a part of the first Brillouin zone (the so-called irreducible Brillouin zone (IBZ)) is
required to label all the states (2.139). To describe eigenstates of a 2D photonic crystal
one frequently plots a dispersion relation along the edge of an irreducible Brillouin zone.
The reason for such a choice is an observation that all the frequencies corresponding to
the interior points of a first Brillouin zone typically fall in between the lowest and the
highest frequencies at the Brillouin zone edge. This is especially useful for observation
of the photonic crystal bandgap structure.

We now use Bloch theorem to understand the general structure of a 2D photonic
crystal dispersion relation. The photonic crystal under consideration is a square lattice
of dielectric rods with dielectric constant e, and radius r, placed in a uniform background
of dielectric constant g, and separated by a lattice constant a (see Fig. 6.2). We start
with a photonic crystal with vanishingly small refractive index contrast e, — &p. In the



6.1 With diminishingly small index contrast 131

<— 1D periodicity —»
VL feceeocee
7 X >. . ‘ ‘ . . ‘ Irreducible Brillouin zone
2
igoooo»%a«o o "3
2000000’ L
g‘ ' . . . . ‘ k, conserved i
T 9000000
0000 00

Figure 6.2 According to the Bloch theorem, modes of a periodic photonic system (for example a
square array of dielectric rods in the air) can be labeled by the Bloch wave vectors confined to
the first Brillouin zone of the reciprocal lattice. If additional rotational symmetries are present,
then only a fraction of a Brillouin zone is needed to label all the modes. For a square lattice,
high symmetry points are I, X, M.

uniform dielectric, the dispersion relation of the photonic states is simply:

ovEs = Ik, (6.3)

where K. is any 2D vector. However, according to the Bloch theorem, even the smallest
periodic variation maps all the states into the first Brillouin zone, thus introducing a
modified dispersion relation in the form:

wA/ep = \/ikt-i-BlPl + by P,

where k; is now a vector confined to the first Brillouin zone, reciprocal basis vectors
(b1, by) are defined in (6.2), and Py, P, are any integers. In the case of a square lattice
with lattice constant a, the reciprocal basis vectors are b; = (27 /a, 0); b, = (0, 27 /a).
In this case (6.4) transforms into:

2w 2 2 2
wPLPz\/% = \/(kx —+ ? P1> =+ <ky —+ ? Pz) . (65)

For a square lattice of circular rods, the irreducible Brillouin zone is shown in Fig. 6.2.
Itis triangular with vertices marked as ", X, M. In Fig. 6.3 we demonstrate several lowest
bands evaluated for the Bloch wave vectors positioned along the edge of an irreducible
Brillouin zone. In the following numerical examples we assume that e, = 2.25. Every
band is marked by the pair of coefficients P;, P, that generate such a band using (6.5).
Some bands are degenerate, meaning that different pairs of coefficients generate the
same band of states.

In what follows we aim at understanding what happens to the photonic band struc-
ture when a small, but sizable, periodic index contrast is introduced into a system. As

2

, (6.4)
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Figure 6.3 Dispersion relations of the lowest frequency bands of a 2D photonic crystal (shown in
Fig. 6.2) with vanishingly small refractive index contrast. The dispersion relation is presented
along the I'-X-M-T" edge of an irreducible Brillouin zone. Bands are marked by their proper
generating coefficients according to (6.5).

established in Chapter 5 using perturbation theory, whenever a Maxwell Hamiltonian
allows a degenerate state, after the introduction of a perturbation, such a state might be
split into several closely spaced states. Treating a small index contrast as a perturba-
tion, we demonstrate that such a perturbation, indeed, lifts the degeneracy for the bands
shown in Fig. 6.3, ultimately resulting in opening of the photonic bandgaps. Our further
derivations are made in the framework of the plane-wave expansion method, which is
presented next.

Plane-wave expansion method

From Bloch theorem (6.1) it follows that the modal field in a periodic system can be
presented in the form of a product of a complex exponential and a periodic function in
space. From the theorems of Fourier analysis it also follows that a periodic function can be
expanded in terms of an infinite discrete sum of spatial harmonics. Thus, electromagnetic
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fields in a periodic medium (of any dimension) can be written as:
Ex(r) = 2 Ex(G)exp(i(k+ G)r)
Hi(r) = i Hi(G) exp(i (k+ G)r), (6.6)
G:&&+&%+&%

where reciprocal basis vectors by, by, bs are defined as in (2.129), and we chose an
example of a3D periodic structure. Similarly, a periodic dielectric profile can be expanded
as:

Ilr) = > k(G)exp(iGr). (6.7)
G

Recalling Maxwell’s equations written in terms of only the electric (2.15), (2.16) or
magnetic (2.17), (2.18) fields:

w’E = %V x (V x E), (6.8)
V- e(r)E =0, (6.9)

w*H =V x (mv X H) (6.10)
V-H=0, (6.11)

after substituting (6.6) into (6.8), (6.10), and by using orthogonality of the plane waves
in a sense [ drexp(iGr) ~ §(G) (delta function), we arrive at the following equations
in terms of the Fourier components of the electric or magnetic fields:

—> k(G =G (k+G) x [(k+G) x Ex(G)] = wfEx(G). (6.12)
G/
— Y k(G =G)(k+G) x [(k+ G) x Hk(G)] = wfHk(G). (6.13)
G/

For a given value of a Bloch wave vector k, these equations present a linear eigenvalue
problem with respect to the value of the modal frequency 2. In practice, instead of
an infinite number of Fourier coefficients, one uses a finite number N of them. As
electromagnetic fields are, in general, 3D vectors there will be 3N unknown coefficients
to solve for in (6.12) or in (6.13). To avoid spurious solutions one has to make sure that
the eigensolution of (6.12) or (6.13) also satisfies (6.9) or (6.11), respectively. It turns out
that when using the formulation in terms of the magnetic fields (6.13), imposing (6.11) is
trivial. Indeed, by substitution of (6.6) into (6.11) one finds that condition (6.11) amounts
to the transversality of the Fourier components to their corresponding wavevectors:

V.H= Z Hk(G)V - exp(i (K + G)r)

_i Z HK(G) (k +Gexp(i(k +G)) = 0. (6.14)

The transversality condition (6.14) reduces the number of unknown coefficients to
2N, and is trivial to implement in practice. Moreover, because of the Hermitian nature
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of the Maxwell equation formulation in terms of the magnetic fields (6.10), the resultant
matrices in (6.13) are also Hermitian, thus allowing for efficient numerical methods to be
used to solve for the matrix eigenvalues. These considerations make (6.13) in combination
with (6.14) a method of choice for the computation of the modes in periodic dielectric
media.

Calculation of the modal group velocity

Given the solution for the magnetic field of a photonic crystal eigenstate (6.13), using
a Hellman—Feynman theorem similar to considerations of section 5.1.3, we can easily
compute the photonic state group velocity. In particular, using the fact that eigenvalue
formulation (6.13) in terms of the magnetic field results in Hermitian matrices, the
eigenstate group velocity can be expressed as:

dok 1 (Hkl9H /oK [Hy)

Vg= —— = K 6.15
97 9k T 2wk (Hk | He) (6.15)

where, from (6.13), we have the following definitions:
(He | He) = Z IHK(G)I, (6.16)

[k +G) x [(k+ G)x]]

T Hk(G'). (6.17)

(Hl 9H /0k [Hi) = = >~ Hi(G)«(G — G)

G,G
We now simplify the vector products in (6.17) by using the vector identity a x (b x ¢) =
b(ac) — c(ab):
(k+G) x [(k + G/) X Hk(G’)]
= (k + G)((k + G) H(G)) — Hk(G)((k + G) (k + G")), (6.18)

which after substitution into (6.17) results in:

(Hl 9H /0K | Hi)

=Y «(G-G)

[(Hi(G)Hk(G’»(Zk +G+G) — Hi(G)(k + G) Hk(G/»}
G.G/

— Hk(G)((k + G)HK(G))
(6.19)

All the terms in (6.15) can now be computed in terms of the sums (6.16) and (6.19).

Plane-wave method in 2D

In application to the two-dimensional photonic crystals, the plane-wave expansion
method can be greatly simplified. This is related to the fact that eigenstates in 2D systems
can be classified as either TE- or TM-polarized (see Fig. 6.1), with the following choices
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of the electromagnetic field vectors:
TE: (07 07 HZ(Xﬂ ys Z))! (EX(X9 y7 Z)’ Ey(xv yv 2)7 0)

. (6.20)
TM:  (He(x,y,2), Hy(x,y,2),0); (0,0, E;(x,Y,2))
Using Fourier expansion of the Z vector components:
TM:  Eoi(r) = Y E.i(G)exp(i (ki + G) ry)
G
TE: Ho(r) = Y Hax(G) exp(i (ki + G) 1), (6.21)
G

G 261P1 +62P2

and after their substitution into (6.12) and (6.13) we find that, in 2D, the plane-wave
expansion method leads to the following equations with respect to the scalar Fourier

components:
T™M: ) k(G — G))ki + G'*E.(G)) = 0f Ez.k(G). (6.22)
5
TE: ) k(G —G)(ki+G) (ki + G) H . (G)) = wf H i (G).  (6.23)
G/
(G) ! / dr ! exp(—iGry) (6.24)
K = — — . .
Sunitcell t‘9(rt) t

unitcell

The coupling coefficients (6.24) can be computed analytically for simple geometries.
For example, for a square lattice of dielectric rods shown in Fig. 6.2, unit cell is a square
of area Synitcenn = a°. Integration in (6.24) can be performed analytically to give:

k() = fegt+ (1 — eyt

_1y (Gl Ta)

— -1 _ 1 1

€8 27 (e — &) Glra - (6.25)
- . r

filling fraction: f = a—za

In Fig. 6.4 we show band diagrams for TM-polarized modes in the low-refractive-
index-contrast photonic crystal e, = 2.56; ¢, = 1.96; f = 0.5 computed by resolving
the eigenproblem (6.22).

When a small index contrast is introduced, degenerate bands of a periodic lattice with
diminishingly small index contrast split, leading to the appearance of small local band
gaps. When comparing dispersion relations for TM and TE modes in Fig. 6.5 one notices
that, in general, for lattices of high-dielectric-index rods in a low-index background, the
formation of band gaps for TM modes is more robust than that for TE modes.

6.2.3 Calculation of the group velocity in the case of 2D photonic crystals

Expressions (6.15), (6.16), and (6.19) for the group velocity of the photonic crystal
eigenstate can be further simplified in the case of 2D photonic crystals. Particularly,
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Figure 6.4 When a small index contrast is present, degenerate bands of a 2D periodic lattice split,

thus forming local bandgaps. The dotted lines plot the band structure of the same periodic
lattice and diminishingly small index contrast.
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Figure 6.5 Comparing dispersion relations for TE and TM modes. Notice that in the problem of
high-index rods in a low-index background, TM modes are more robust in opening sizable
bandgaps.
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for TE polarization, only the H, component of the magnetic field is nonzero, therefore,
(6.19) is greatly simplified:

) . Y k(G = G)(H; (G)H,.k (G))(2k: + G + G
Wk, G.G

ke 2w, > IH. i (G)?
G

TE: vy = (6.26)

The expression for the group velocity of a TM-polarized eigenstate of a photonic
crystal is somewhat more complex. First of all, given the solution for the photonic
crystal eigenstate in terms of the electric field E; x (G), the corresponding harmonic
magnetic field can be found as:

1
Hik () = o

ki

V x Bz (1) (6.27)
After substitution of (6.21) into (6.27) we get:

Ht’kt(rt) = i Z EZ,kt(G) ((kt -+ G) X 2) eXp(i (kt —+ G) rt), (628)
e

and, therefore:

Hik(0) = ~~Eri (@) (ki +G) x 2. 629

ki

From (6.29) it follows that the mode normalization is:
(i | Hi) Z HK(G)* = — Z |E2 k (G)I’Ike + GI, (6.30)
kt G

while the operator derivative average is:

(Hie |8 H /0ke| Hie)
= L 3 k(G - G)(E; (G)Ek(G))
kl G.G/
[((ki + G) % 2) (ki + G') x 2)] 2k + G + G)
x | = (ki +G) x 2) (ke + G) (ke + &) x 2))
(ki + G) x 2) (ki + G) (ke + G) x 2))
- 3 (6~ O)E:(GE(®)

Wy,

[ (ki + G) (ki + G)] (ki + G + G) }

L@ x (G- G E((k + G) x (k +G)) (6.3
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Finally, the group velocity for the TM-polarized photonic crystal state is:

TM: v = aai':‘

— EN(E | [(Ke + G) (ke + G)] (2ki + G + G')
1 Bre- o | TR Gl Srse)
2w, Y IE:k(G)P ki + GI

G
(6.32)

Perturbative formulation for the photonic crystal lattices with
small refractive index contrast

We now quantify the appearance of the bandgaps using a perturbative formulation
based on (6.22), (6.23). We first consider band splitting at the point M for which
kM = (7 /a, r/a). For a uniform dielectric e, the eigenstate (plane wave) at M will
have a corresponding frequency wm./ep = V27 /a, and according to (6.5) and Fig. 6.3
such a state will be four-fold degenerate with four bands labeled as (0,0), (—1,0), (0,—1),
(—1,—1) intersecting at the M point. When the index contrast is zero, this degeneracy in
frequency implies that at the M point the general solution can be represented as a linear
combination of these four plane waves, namely:

E,i(r) = Y E,u(G)exp(i (k' + G) o), (6.33)
GeG,

where a set of vectors G,, includes all the reciprocal wave vectors for which the corre-
sponding plane waves in (6.33) have the same frequency » as computed by (6.5). Thus,
for the M point, for example,

G, = [G1, Gz, G3, Ga] = [(0, 0), (=27 /a, 0), (0, —27 /), (—27 /a, —27 /a)].
(6.34)

As an example, we consider the case of TM modes. When the index contrast is zero,
then in (6.22) the only nonzero coupling element is « (0), thus reducing (6.22) to a system
of linear uncoupled equations with a solution:

wi = Kk(0) [k + G|?
E,x(G) = 1. (6.35)

The expression for the eigenfrequency in (6.35) is the same as in (6.5). As we men-
tioned before, at the point kM, the eigenstate is four-fold degenerate. In the presence of
a small index contrast, the specific linear combinations (6.33) of originally degenerate
states will become new eigenstates. Thus, to find new eigenstates, we have to solve (6.22)
by retaining only the coefficients E; x (G) with G € G,, in the expansion. Using notation
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(6.34), one can thus write (6.22) as:
2 2 2
«(0) K (;) K (;) K (\/i?)
Gl il il E; ke (G1)
STV (7)o (7)) <(T) | (B0
<_) (271) (\/5271) ) <2JT> E, kv (Gs)
“\a )~ a « “\a E, v (Ga)

(52) (5) (z) o

Ezkm (G1)
> | Eoww (G2)
= o 6.36
i Ezkm (Gs) (6.36)
Ezkm (Ga)
It is straightforward to find the eigenvalues and eigenvectors of (6.36):
2
a)i[M = 2<a> (K(O) —K (\/5 ;))
(Ez,k{"' (Ga),
1
E,im(G2), E;im(Gs), E; im(Ga)) = 5 (-1,0,0,1);
2
a)i[M = 2<a) (K(O) —K (\/5 ;))
1
B, k1(G2). By wr(Ga). B y(Ga)) = 5 (0. -1, 1,0);
2 2 2
a)i[M =2 (%) (K(O) + K (\/i?n) — 2k ( ;))
(Ezi(G1), B, 10(G2),
1
E,km(Gs), E;km(Ga)) = Z( -1,-1,1);
2 _ (T 2_7T
et o ()
(B, im(G1), B, im(Go),
1
E, im(Gs), E; km(Ga)) = 1 (1,1,1,1). (6.37)

Note that even the introduction of finite index contrast does not completely lift degeneracy
in the band structure. This interesting fact is a consequence of a general group theory
consideration applied to a periodic structure exhibiting additional discrete symmetries
(like discrete rotational symmetry, reflection planes, etc.). In general, the splitting of
degenerate bands requires structural perturbations that reduce the overall number of
symmetries in a system (e.g., ellipticity in the shape of all the rods).
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Figure 6.6 Splitting of a four-fold degenerate eigenstate at M. Dotted lines demonstrate the band
structure of a uniform dielectric with a dielectric constant ¢ = 1/« (0).

In Fig. 6.6 we demonstrate band splitting near the M point for the case of
f =0.5;e, = 2.2801; ¢, = 2.2201. For these structural parameters, from (6.25) one
finds that € (0) > 0, k(27 /a) < 0, k(v/2 (27 /a)) < 0, |k (v/2 (27 /a))| < |k (27 /a)|. In
Fig. 6.6 solid curves describe the dispersion relation as calculated using full plane-wave
method (6.22), dotted curves describe the band structure of a uniform dielectric with
a dielectric constant ¢ = 1/«(0), and filled circles describe eigenfrequencies at the M
point as calculated using perturbation theory (6.37).

Finally, we consider field distributions in the split bands. Using the expansion coeffi-
cient as in (6.37) and substituting them in (6.33) one can reconstruct the spatial distri-
bution in the new eigenfields. Thus, one can verify that at the band edges:

) 2 1 2 2 2 27
A |E |y, = 2 (1 + cos (;x) + cos (;y) + cos (;x) cos (;y))
—cos? (™ 2 (T
= C0S (a x) oS (a y) , (6.38)
By |Epu’ = sin? (—(x - y)) , (6.39)

B [Engrly =sin? (Z0x+). (6.40)
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Figure 6.7 Distribution of the electric field amplitude for the four lowest TM-polarized states of a
photonic crystal at the M point. White circles give the positions of the rod-cladding interfaces.
A low-refractive-index contrast is assumed.

) 2 1 2m 2m 2m 2
C: |Ez’klM|C=Z 1 — cos - %) —cos( ) +cos{—x|cos| -y

= sin? (%x) sin? (%y) . (6.41)

In Fig. 6.7 we present electric field distributions at the band edge point M for the
eigenmodes of a 2D photonic crystal with a small index contrast. At the lower edge of a
bandgap (point A), the electric field tends to concentrate in the high-index rods, therefore
states at the lower band edge are called rod states. At the upper band edge (point C),
owing to the orthogonality relation with the fundamental state (point A), the electric field
is expelled into the cladding region, therefore states at the upper band edge are called
cladding states. Degenerate modes at the point B are mixed.

The fact that the modes with electric field distribution outside the high dielectric
constant region (Fig. 6.7(c)) exhibit higher frequencies than modes with electric field
distribution inside of such a region can be easily understood by recalling the variational
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principle that states that the fundamental mode must have most of its displacement field
concentrated in the high refractive index dielectric.

Photonic crystal lattices with high-refractive-index contrast

When the refractive index contrast is increased, band splitting becomes pronounced,
opening the possibility of creating complete bandgaps. Complete bandgaps are defined
as frequency regions where there are no extended states propagating inside of the bulk of
a crystal. Many applications of photonic crystals rely on the existence of such bandgaps.
For example, photonic crystals can be used as omnidirectional mirrors when operated
inside a complete bandgap. Indeed, in that case, the incoming radiation has to be reflected
completely as there are no bulk states of a photonic crystal to couple to. Generally, open-
ing a complete bandgap is relatively easy for one of the polarizations. For example, in
Fig. 6.8(a) we present band diagrams of the TE- and TM-polarized states for a photonic
crystal with f = 0.5; ¢, = 7.84; ¢, = 1.0. In this figure one can notice several complete
bandgaps for the TM states, and no complete bandgaps for the TE states. By simple
inversion of the material regions f = 0.5;e, = 1.0; ¢, = 7.84 one can open complete
bandgaps for TE polarization as demonstrated in Fig. 6.8(b). Finally, we note in passing
that designing photonic crystals with complete bandgaps for both TE and TM polariza-
tions is more challenging, however, possible.

Comparison between various projected band diagrams

As discussed in Section 2.4.4, there are several types of band diagrams that can be used
to present the states of a photonic crystal. So far we have only used one type of band
diagram, which presented dispersion relations of the photonic crystal states along the
'XMT curve (Fig. 6.9(a)) that traced the edge of an irreducible Brillouin zone in the
k-space. Another way of presenting the states of a protonic crystal is by using a so-called
projected band diagram. To construct a band diagram projected onto the k4 direction,
for example, one fixes the value of ky and then plots on the same graph the states with
all otherwise allowed ky values. In the projected band diagram (Fig. 6.9(b)) gray regions
define allowed photonic crystal states, while empty regions define bandgaps. Note that
while both band diagrams of Fig. 6.9(a) and Fig. 6.9(b) give consistent definitions of
complete bandgaps, itis, however, much faster to compute the band diagram of Fig. 6.9(a),
as it involves only the states on the edge of an irreducible Brillouin zone (1D calculation),
while the band diagram of Fig. 6.9(b) requires computation of all the states inside an
irreducible Brillouin zone (2D calculation). Nevertheless, when detailed information
about state distribution is required, then the band diagram of Fig. 6.9(b) is preferred. For
example, from Fig. 6.9(b) it follows that for w = 0.36, there exists a small bandgap in
the vicinity of ky = 0.25; this defines a set of directions along which the propagation
in a photonic crystal is effectively suppressed. Such information is difficult to ascertain
from the band diagram of Fig. 6.9(a).
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Figure 6.8 Band diagrams for the TE and TM modes in high-index-contrast photonic crystals. (a)
For the high refractive index rods in the air structure, complete bandgaps are found for TM
polarization. (b) For the air holes in the high-refractive-index background structure, complete
bandgaps are found for TE polarization.
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Figure 6.9 (a) Band diagram of the allowed states along the edge of an irreducible Brillouin zone.
(b) Projected band diagram of allowed states (along the ky direction).
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Figure 6.10 Complete 3D band diagram of the allowed TM-polarized states of a photonic crystal
of a square lattice of rods in air.

Dispersion relation at a band edge, density of states
and Van Hove singularities

In Fig. 6.10, we present a complete 3D dispersion relation of the allowed states of a
2D photonic crystal with e, = 9.0; e, = 1.0;r, = 0.38a. Analogous to a 1D case, at
the edge of a first Brillouin zone (X;MX]}), the group velocity has at least one zero
component (vqy = 0 along the X, M direction, and vq , = 0 along the MX; direction).
At the M points all the group velocity components are zero. At the X points, owing to
the symmetry of an irreducible Brillouin zone, all the group velocity components are
also zero. However, at the X points, the group velocity might not be zero if, instead of
rods, the square lattice were made of irregularly shaped objects. The group velocity at
the M points is always zero. As seen from Figs. 6.9(a) and 6.10, in the third-lowest band
along the T' X3 direction, vy, = 0, while vy , stays small. Regions of phase space with
small group velocities are known as group-velocity anomalies. Typically, a small group
velocity implies a large interaction time of propagation through the photonic crystal state
and a photonic crystal material. Such a prolonged interaction (in time or space) enhances
coupling of electromagnetic radiation and material properties, leading to an increase in
the nonlinear effects, an increase in absorption losses, the enhancement of stimulated
emission, etc.

Another important factor responsible for the many unusual optical properties of the
photonic crystals is a strongly frequency-dependent distribution of density of states
(DOS). The importance of the concept of DOS comes from the fact that given a broad
frequency source, the frequencies with larger DOS will, generally speaking, be excited
more strongly than the ones with smaller DOS. Therefore, by manipulation of the DOS,
one can favour excitation of the particular states with predesigned properties. Inside a
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complete bandgap of an infinite photonic crystal, there are no guided states and, hence,
the DOS is zero. Outside the complete bandgaps, the DOS is nonzero, while exhibiting
sharp peaks at some specific frequency values corresponding to the so-called Van Hove
singularities. Such singularities are generally found at the frequencies where some of
the photonic crystal states exhibit zero group velocity. For comparison, in a uniform
dielectric, the DOS is a simple monotonically increasing function of frequency.

The DOS D(w) is defined as a frequency derivative of the total number of electro-
magnetic states N (w) with frequencies smaller than w that can be excited in a volume
V4 of a d-dimensional system:

d

\Y N (w)
=25 [ ) =" 642)
w(K)<w
For a 2D uniform dielectric of area A, (6.42) gives:
A A
2D: N() = ®——:  D(0) = w—. (6.43)
22 2

To quantify Van Hove singularities, consider the shape of a dispersion relation near
the points of zero group velocity at the edge of the first Brillouin zone. Using Taylor
expansions near the high symmetry points we can represent the dispersion relations as:

Istband Xj: = wx, — a8k + Aok’

Istband M: o = wy, — adk; — Bk]

2ndband T, M: @ = ww, + adk; + Bok;
ok, =ky —m/a; ok, =k, —m/a; «>0 p>0.

(6.44)

From (6.44) and Fig. 6.10 we can also visualize the shapes of surfaces of constant
frequency (equivalent to the Fermi surface in solid-state physics) for the optical bands
of a 2D square lattice of rods. Several such surfaces are presented in Fig. 6.11 for the
fundamental band of Fig. 6.10.

We now compute the density of states at frequencies close to the frequencies of high
symmetry points M and X, where the group velocity is zero. From (6.42) we see that the
number of states at a particular frequency is proportional to the area of gray regions in
Fig. 6.11. Thus, close to the M; point, v ~ wm,, ® < wwm,:

1 7 WM, — @
6ky = ﬁ M, — W — aékz, 6kx € (0, o ) 5 (645)

and
A a2ene 4 VO
T
N(w)Mlzm / dkxm <?> —ﬁ / ddky\/wm, —w —adkZ |,
w(K)<w 0

(6.46)
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Figure 6.11 Regions of (k) < w (in gray) for the fundamental band of Fig. 6.10, and various
values of w.

which gives:

A 21\ o\, — @ A
N(G))Ml = ﬁ ((?) - m ) — D(CL))M1 = m = constant.
(6.47)

From (6.47) and from similar consideration for the point M, we conclude that the
DOS changes discontinuously from zero in the bandgap to a finite value at the band
edge.

Now consider point X, inside a fundamental band. Considerations for both w ~
wx;, © < wx;, and w ~ oy, © > wx; are essentially the same, therefore we will discuss
only the first case. Using (6.44) near the X} point, we write:

w/a
A A 4 —
0

w(k)<w
which gives:
N@x A (2 dok
W)X,
D(w)x; = 371 ~o5 |5 / Y x : . (6.49)
a) 72 \ VB ) \/“)Xi — o+ adk? Jox; — o

and, thus, DOS is weakly divergent near the points of zero group velocity where curvatures
along the two principal directions have different signs. Figure 6.12 is a sketch of a typical
DOS for TM modes of a square lattice of rods.

One of the applications that rely on singularities in the DOS is lasing. For example,
consider a photonic crystal made of a gain media with a broad emission spectrum (laser
dyes) centered around one of the singularities in the DOS (Fig. 6.12). When excited with
apump, the broad emission spectrum of a dye will be changed considerably by the highly
nonuniform DOS of a photonic crystal. Thus, at the output of a photonic crystal, one
expects a much narrower spectrum centered around the frequency of a DOS singularity,
with a bandwidth comparable to that of a DOS peak.
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Figure 6.12 Schematic of the DOS of TM modes of a square lattice of rods in air.

Refraction from photonic crystals

The direction of energy propagation in photonic crystals is determined by the direction
of the vector of group velocity:

ow

Vg = K

From differential calculus it follows that (6.50) defines a gradient in a wave-vector
space, which is perpendicular to the corresponding surface of constant frequency. In
a uniform dielectric, for example, » = |k|/+/¢, and, therefore, vy = (k/|K[)/+/€, thus
coinciding with the direction of a wave vector k. In photonic crystals, the dispersion
relation is considerably modified from that of free space, therefore unusual refraction
properties can be observed at the interfaces with photonic crystals.

We start by deriving Snell’s law of refraction at the interface between two uniform
dielectrics with dielectric constants ,/e1; and ,/e;. A general approach to solving the
refraction problem is to fix the frequency of operation w, then to consider the distribution
of the allowed wave vectors, and, finally, to impose the constraints due to conservation of
the wave vector component along the interface. Thus, for a given frequency of operation
w, on both sides of the interface, the allowed delocalized states are characterized by the
wave vectors confined to the semicircles with radii [k| = w, /g1 (Fig. 6.13(a)). Owing
to continuous translational symmetry along the interface, the component of a wave
vector k; along such an interface is conserved. Therefore, in each of the half spaces, the
directions of the transmitted and reflected light can be found by intersecting the constant
frequency curves with lines perpendicular to the interface and separated from the center
of coordinates by |k;|.

For the case of an interface between the uniform dielectric and a semi-infinite photonic
crystal (Fig. 6.13(b)) the projection of a wave vector along the direction of interface is
again conserved. This is because the system remains periodic along the interface, there-
fore, the Bloch theorem can be applied in the direction of the interface, thus defining
a corresponding conserved wavenumber k;. Due to the acircular shape of the constant
frequency curves in photonic crystals, the direction of the state group velocity can be

(6.50)
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Figure 6.13 Light transmission and reflection directions at (a) the interface between two uniform
dielectrics and (b) the interface between a uniform dielectric and a 2D photonic crystal.

quite different from the direction of the state phase velocity (v, ~ k). This effect is espe-
cially pronounced in the vicinity of the band edges, as surfaces of constant frequency
are distorted more strongly at such frequencies. Therefore, when operated near the band
edge, there exist regimes where a considerable change in the angles 05 of a transmit-
ted light can be observed when an incident direction (angle 6;) is only slightly varied
(Fig. 6.13(b)). Similar considerations can also be applied to explain the possibility of
having strong variation in the propagation direction of refracted light as a function of
frequency near the band edge (superprism effect).

Defects in a 2D photonic crystal lattice

Probably the most important feature of photonic crystals is the ability to support spatially
localized modes when a perfectly periodic structure is somewhat perturbed. Localized
modes of an imperfect PhC lattice are called defect states. One distinguishes two principal
defect types. These are the point defects, also referred to as resonators, and the line
defects, commonly known as waveguides. Waveguides and resonators are the building
blocks of modern photonics. Much of the current research is thus devoted to the study
of the fundamental properties of resonators and waveguides, as well as properties of
devices integrating several such basic components.

Line defects

The first defect type that we are going to consider is a line defect, which is also commonly
known as a photonic crystal waveguide. Line defects can be created by modifying a row
(or several rows) of unit cells in an otherwise periodic lattice. For example, a waveguide
can be formed by a row of low refractive index rods in a square lattice of high refractive
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Figure 6.14 Schematic of a 2D photonic crystal waveguide. A line defect is introduced into a
periodic lattice by modifying one row of rods along the X direction. As the periodicity in X
direction is conserved, the Bloch wavenumber k, can be used to label the defect modes.

index rods in air (see Fig. 6.14). In this case, periodicity in the § direction is destroyed
by the presence of a waveguide. Periodicity in the X direction remains intact, therefore
the ky component of a Bloch wavevector will remain a conserved parameter, labeling
eigenmodes of a PhC waveguide.

The band diagram of the bulk states of a PhC with a line defect can be derived by
projecting a complete w(ky, ky) band diagram of a perfectly periodic photonic lattice
(Fig. 6.15) along the ky direction (similar to Fig. 6.9(b)). When a linear defect is intro-
duced, the dispersion relation of modes localized at the line defect (core-guided modes)
will appear in the remaining bandgap. Note that a complete bandgap (common bandgap
for any direction of a Bloch k vector) is not necessary to enable guidance in a photonic-
crystal waveguide. In fact, for a given ky, to get a localized guided mode one only needs
a bandgap in a ky direction. The goal of this section is to develop a numerical method to
compute such modes, to understand their field distributions and symmetries, and, finally,
to investigate how the defect strength influences the position of the guided modes inside
a bandgap.

Plane-wave method for a photonic crystal with a line defect
We start by developing a plane-wave method to compute the dispersion relation of a
waveguide directed along the X axis. The uniform waveguide cladding comprises a
square lattice of rods with dielectric constant e, and radius r,. The lattice period isa. The
waveguide core is formed by substitution of a single row of rods with a row of different
rods of dielectric constant ¢4 and radius rq, as shown in Fig. 6.14. All the following
derivations are made for the TM-polarized mode, while derivations for TE-polarized
modes are the subject of Problem 6.2. Based on the symmetry considerations of Chapter 2,
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Figure 6.15 For the case of a linear defect, bulk states of a surrounding photonic crystal cladding
can be presented using projection of a complete band diagram w(ky, ky) of a perfectly periodic
photonic crystal along the k, direction. The inset shows the field distributions E, at several
points of high symmetry. Example of r, = 0.38a, ¢, = 9.0 suspended in air, &, = 1.0. When a
linear defect is introduced, for any ky, a localized state appears inside a corresponding bandgap.

the general form of the electric field vector of a TM-polarized mode labeled with a Bloch
wavenumber ky will be E = (0, 0, E,« (X, ¥)):
E .k (r) = exp(ikyx)Uy (1)
Uy, (r +ag) = Uy (n). (6.51)

Using discrete Fourier transform in the X direction and continuous Fourier transform
in the ¥ direction, the electric field (6.51) can be rewritten as:

+00
Euio() = 3 [ dhyEuli+ Gexp ik -+ Gr)
Gx )

2 )
Gy = byPy; by = ?nf(; Py C integer (6.52)
k = keX +Kky¥; Ky is aconstant.

A more convenient form of (6.52) is in terms of the integral over the first Brillouin zone

only:
+m/a
Er () =) / dky E;(k + G)exp (i(k + G)r)
_xa
2T . — 2

G =byPx+byPy; by = - by = ol (Px, Py) C integers
k = kX +ky¥; Ky is a constant. (6.53)
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The inverse dielectric function of a photonic crystal waveguide can be written as:
1 1 1
—=— — - — Sa(r—R — = — Sa(r —Ry)
ot () pse-m (g >Z"( g
Lir-Rl=ra L ir—=Rxl =rqg

Sa(r_R):{o, IF—R|>r, ’Sd(r_RX):{o, IF—Ry| >rg’

R=aPX+aPy; Ry=aPX (Px, Py) Cintegers (6.54)

Note that for the case of a waveguide, the dielectric function (6.54) contains three terms.
The first term is constant, the second term is periodic in both the X and ¥ directions, and
the third term is periodic only in the X direction. Using both discrete and continuous
Fourier transforms, the inverse dielectric function can be presented as:

1 1 1
4=t (; - —) 3 5.(G) exp (iG)

+m/a
1 1 a . AN
+ (— — —) > — / dky Sa(kyy + G) exp(i(kyy + G)r)
&4 €a) G 2w
—r/a
J1(IG|ra) . Ji(lky¥ + Glra) wr} wr§
S.(G) =2f,———; Sq(k G)=2f—FT—«——; =2 fg=—
a(G) a IG| T2 d yY + ) d |kyy+G|rd a a2 a2
_ _ _ 2 — 2
G =byPy+DbyPy; by = ?nfc by = —ny (Px, Py) C integers.  (6.55)

Substituting (6.53) and (6.55) into Maxwell’s equation (6.8) written in terms of only the
electric field, w?E = 1/&(r) - V x (V x E), we get:
+m/a
W) Y / dk)E,(K' + G')exp (i(k +G)r)

—m/a

1 1 1 " i _ i
[h (B pseeeiem s (L)
+m/a
XZ / dk; S (ky9 + G”) exp (i(kjy + G")r)

G 771/a

|: 7 adk’E (k’+G)|k’+G’ exp(l(k’+G’)r)]

G —/a (6.56)

Multiplying the left- and right-hand sides of (6.56) by (277)~2 exp(—i(k 4+ G)r), inte-
grating over the 2D vector r, and using the orthogonality of the 2D plane waves in the
form:

@n )2 /drexp (ikr) = &(k), (6.57)
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we get:
+7/a
W) Y / dk/E,(K + G5 (K + G — k- G)
G _ra
+m/a
Z / dk} E, K +G)|[K+G [ 5K +G —k—-G)
—7r/a
+7/a
(— - —> >y / dk} E; (K + G)Sa(G") K + G|’
a G” G’

xd(K +G +G" —k— G)
+m/a +/a

+<———) 2n22/ dk; / dk; E. (K + G)Su(k)§ + G") [K + G|

&d

¢ ¢ —m/a
x5 (K'+G' +kjy+G" — k -G). (6.58)
and finally:
@?(k)E;(K+ G) =

1 1 1
—Ez(k—i—G)Ik—l—GIZ—i-(———)ZEz(k+G’)8a(G—G’)|k+G/|2
€p €a &) G

+m/a

1 1 a , , , , / ’ 712
+(___)ZE / dkyEo (K + G)Sa(k + G — k' = G) [K' + G|
—m/a

&d €a
G =byPx+byPy; G =DbyP,+byP);
_ 2 - 2
by = ;ﬂf(; by = ?n)‘/; (Px, Py, Py, Py,) C integers

k=keX+kyy; K =keX+ kyy, ky aconstant.
(6.59)
For a given value of a Bloch wavenumber ky, (6.59) constitutes an eigenvalue problem
with respect to the square of a modal frequency w?(ky). To solve (6.59) we discretize the
integral over k{ in (6.59). Thus, choosing:

Gps.pe = bxPE +byP®;  G'pepe =bxP® +byPE
6x = 2771)’2; 6 = _9;
(PG,PG,P/G P/G )_[ NGyNG]
Kpg = keX+ 37 Pky, Kpx = kX + 3 P/ky, (P)'; P;k) = [—Nk, Ni]; keaconstant,
(6.60)
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and using a trapezoidal approximation for the 1D integral we finally get a system of
(2Ng + 1)?(2Nk + 1) linear equations:

wz(kx)Ez(kuk +GPXG,PYG)
1
= —E;(Kpx + Gpg ps)IKpx + GPXG,PVGI2
&b

11 2
+ (g - g) > Eu(kex + G pe)Sa(Grs,pe — G'ps pe)[Kpx + G'ps pe
P =[—Ny.Ng]
PG =[—Ng, N]
11) L TR CKpx—Glpo bl
+(2-2) 3 X EaKpp+Glne WK p)So(kei+Grp.ps —K b —Gpie by
P=[ NN
P,e=[~Ng.Nq]
P15 =[Ny, Ng]

x|K'pp+G'pe prol, (6.61)
where the weighting function w(k’py,k) for the trapezoidal integration rule is defined as:

L. [Py] # N

. 6.62
1/2, [P = N (662

W(k/pyrk) = :

Example of a low refractive index core waveguide

In what follows, we study dispersion relations of the core-guided modes of a waveguide
created in a square lattice of dielectric rods r, = 0.38a, ¢; = 9.0 suspended in air,
ep = 1.0. We first consider the case of a low-refractive-index-core waveguide formed
by reducing the dielectric constant of the core rods g4 < €3, rq = ra. In the numerical
solution of (6.61) we use 1089 plane waves; Ng = 5, Nx = 4. In Fig. 6.16, dispersion
relations of the core-guided modes are presented in the first photonic bandgap for various
values of the waveguide-core dielectric constant 4. Note that for a low refractive index
defect, waveguide-core modes bifurcate from the lower edge of the bandgap. Core-guided
modes appear for the defect of any strength (measured as |ey - e71]), as long as &q is
different from &,.

At the points of high symmetry marked (a) and (b) in Fig. 6.16, we also plot the field
distributions of the modal electric field (at these two points, the electric field distribution
can be chosen as purely real). Point (a) is located closer to the lower edge of the first
bandgap atky, = 0, &g = 4.84. The corresponding electric field is localized in the waveg-
uide core, while penetrating considerably into the photonic crystal cladding, owing to
the proximity of the mode to the bandgap edge. This defect mode is bifurcated from
the lower edge of the first bandgap, which for ky = 0 corresponds to the X; symmetry
point on the full band diagram in Fig. 6.15. Therefore, the waveguide core mode field
distribution at k, = 0 is similar to the field distribution of a mode of a perfectly periodic
photonic crystal at the X; symmetry point (see Fig. 6.15). This fact will be elaborated in
greater detail in the following section on perturbation theory for line defects. Point (b) is
located in the center of a bandgap at ky = r/a, g = 6.76. The corresponding electric
field is well localized in the waveguide core, and exhibits only a small penetration into the
cladding. This defect mode is bifurcated from the lower edge of the first bandgap, which
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Figure 6.16 Low refractive index core, 2D photonic crystal waveguide. Dispersion relations and
field distributions of the core-guided modes of a waveguide created in a square lattice of rods
ra = 0.38a, ¢, = 9.0 suspended in air, &, = 1.0. The waveguide core is made of the lower
dielectric constant rods eq < &4, rg = ra. Field distributions at points (a) and (b) are similar to
the field distributions of the modes of a perfect photonic crystal at the symmetry points X; and
M (Fig. 6.15), from which the waveguide modes bifurcate when the defect is introduced.

for ky = 7/a corresponds to the M symmetry point on the full band diagram in Fig.
6.15. Therefore, the waveguide-core mode field distribution at ky, = 7 /a is similar to the
field distribution of a mode of a perfectly periodic photonic crystal at the M symmetry
point (see Fig. 6.15).

Example of a high refractive index core waveguide

We now consider the case of a high-refractive-index-core waveguide formed by increas-
ing the dielectric constant of the core rods eq > &5, rq = ra. Figure 6.17 presents dis-
persion relations of the core-guided modes in the first photonic bandgap for various
values of the waveguide core dielectric constant ¢4. For a high-refractive-index defect,
waveguide-core modes bifurcate from the upper edge of the bandgap.

At the points of high symmetry marked (a) and (b) in Fig. 6.17 we also plot field distri-
butions of the modal electric field (at these two points, the electric field distribution can
be chosen as purely real). Point (2) is located closer to the lower edge of the first bandgap
atky = 0, &g = 16. The corresponding electric field is localized in the waveguide core,
while penetrating considerably into the photonic crystal cladding, owing to the proximity
of the mode to the bandgap edge. This defect mode is bifurcated from the upper edge
of the first bandgap, which for ky, = 0 corresponds to the X, symmetry point on the
full band diagram in Fig. 6.15. Therefore, the waveguide-core mode field distribution
at ky = 0 is similar to the field distribution of a mode of a perfectly periodic photonic
crystal at the X, symmetry point (see Fig. 6.15). Point (b) is located in the center of
a bandgap at ky = r/a, g4 = 19. The corresponding electric field is well localized in
the waveguide core, exhibiting only a small penetration into the cladding. This defect
mode is bifurcated from the upper edge of the first bandgap, which for k, = x/a also
corresponds to the X5 symmetry point on the full band diagram in Fig. 6.15. Therefore,
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Figure 6.17 Higher-refractive-index-core, 2D photonic crystal waveguide. Dispersion relations
and field distributions of the core-guided modes of a waveguide created in a square lattice of
rods r, = 0.38a, ¢, = 9.0 suspended in air, ¢, = 1.0. The waveguide core is made of
higher-dielectric-constant rods eq > €5, rq = 5. Field distributions at points (A) and (B) are
similar to the field distributions of the modes of a perfect photonic crystal at the symmetry points
Xz and X, (Fig. 6.14), from which the waveguide modes bifurcate when a defect is introduced.

the waveguide core mode field distribution at ky = 7r/a is similar to the field distribu-
tion of a mode of a perfectly periodic photonic crystal at the X/, symmetry point (see
Fig. 6.15).

Bifurcation of the core guide mode from the bandgap edge; perturbation

theory consideration
In the limit of low-refractive-index contrast between the waveguide core and cladding
&4 = &3, as seen from both Fig. 6.16 and Fig. 6.17, the core-guided mode bifurcates from
one of the edges of a bandgap. In this section, we will use perturbation theory to find the
functional dependence of the distance of a core-guided mode dispersion relation from
the band edge as a function of the refractive index contrast.

We start by identifying what is a low-refractive-index-contrast photonic crystal wave-
guide. As seen from (6.59), the term describing the waveguide guidance has a |8Jl — el
prefactor, while the term describing the periodic potential of a cladding has a |e;* — egl|
prefactor. If the following relation is satisfied:

isd_l—ea’l|<< |8b_1—8;l|, (6.63)

then the effect of a waveguide on the photonic crystal lattice can be considered small,
thus constituting a limit of weak defect strength. In the case of a high-refractive-index-
contrast photonic crystal ey < &3, (6.63) can be rewritten as |eq — €5]/6q4 <K €a/€p- NoOte
that this condition is especially easy to satisfy in the case of a high-index defect eq > &4,
as |eq — €a]/eq < 1 for any value of gg.

We now develop the perturbation theory to describe bifurcation of weakly guided
modes from the edge of a bandgap of a perfectly periodic photonic crystal. In particular,
for a given small refractive index contrast |eq — 4]/6q < 1, we are interested in finding
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out how far into the bandgap the guided mode is located. We start with the modes of a
perfect photonic crystal satisfying the following Hermitian eigenvalue equation (2.70):

whe m (ke ky)HEG () =V x <8P0(r)v X Hﬁﬁ(x’ky) = HpcHPS (1)
epc(r +aPyX +aPyy) = epc(r); (Px, Py) C integer
H «, = exp(knUy, o (1)
Um’kx,ky(r +aPX+aPyy) = Um,kx’ky(r); (Px, Py) C integer, (6.64)

where index m is the band number, while ky, ky is the Bloch wave vector of a mode.
Additionally, such modes satisfy the following orthogonality relation (2.132):

/drH;;]P_Ex ky(r)Hm KK () = dm.m 8k« — k)8 (ky — ky), (6.65)

where integration is performed over the whole two-dimensional space.

The dielectric constant of a waveguide can be considered as a perturbation on the
dielectric constant of a uniform photonic crystal. In this case, the waveguide Hamiltonian
can be written in terms of a Hamiltonian of a uniform photonic crystal plus a perturbation
term:

wg

[oo () ) (e

= [AH + Hec] Hi® (6.66)
When a waveguide is introduced, the periodicity in the X direction is still preserved, there-
fore the Bloch wavenumber ky is conserved. In the § direction, periodicity is destroyed,
therefore the mode of a waveguide should be expended into a linear combination of the
photonic crystal modes having all possible values of a ky wavenumber. Moreover, one
also has to sum over the contributions of different bands:

V x H;VX9> = HugHy®

+00 m/a
Wi
H9 =3 / dky Ag, o HoG, x, (7). (6.67)
m=1
—m/a

Substitution of (6.67) into (6.66) leads to the following equation:

w/a
+00
W3k H = wly(k) Y / dky Ay, i HiG i, (1) = [ H+H, ]Hﬁg
m=1
—m/a

_Z /dk A, AHHES (r)+Z / dky Ar, @ m (K, Ky H ik (),

—rr/a —n/a

(6.68)
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which can be rewritten in a more compact form as:

w/a
+00
D [ A, (ohglle) — afo nllc k) HES, 1, (1)
m=1
—m/a
+00 m/a R
=> / diy Ay AHHES o (). (6.69)
m:l_n/a

We now multiply (6.69) on the left and on the right by H;Ef(;,k;(r), and use orthogonality
relation (6.65) to arrive at the following equation:

a
+00 /

An i, (w@g(kx) — whe m(kx k’y)> -y / dky Agy i WETE (6.70)

m=l—n/a

with the following definition of Wgﬁ/,k; ((2.87) is used to simplify the form of a matrix
element):

9 +a/2  +oo
* N T -
/ derFf’Ck;yk/y(r)AHHﬁka,ky(r) = 8(Ky —k;)? / dx f dyH;F,’f,:(;,k/y(r)AHH;‘kayky(r)
00 —-a/2  —oo
+a/2 400 1 1
/ 2 *
= d(kx — K )omk, k, @m k, ki T /dx /dy (ewgr) - m) * Dy ik, (0D, i, (1)
—a/2 —o©
= 5(kx—k;)wg;g’,k9. (6.71)

In the limit of small index contrast, from (6.71) it follows that:

wk"j;L"y’,k/y ~ (egt —e) — o (6.72)

&d—>€a

To simplify further considerations, we define an auxiliary function ¢p, k, as:

Pmk, = Ank, (a)&,g(kx) - a)gcym(kx, ky)). (6.73)

Then, (6.70) can be rewritten as:

+00 m/a

®m k /
= dk = wh 6.74
i =3 | ¥ W) — el k) ©19
a

m=1_
Consider, as an example, bifurcation of a guided mode from the lower band edge
of the fundamental bandgap in the case of a low dielectric constant defect g4 < &,
(Fig. 6.16). The dispersion relation of the modes located at the lower edge of a
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fundamental bandgap (X1 — M curve in Fig. 6.15) can be described as:

wpc,1(kx, ky)|ky~ﬂ/a 5k =I;Tv—n/a wpc 1 (Kx, /@) — |y (Ky)| 6k32,- (6.75)
Y

For the guided mode bifurcated from the lower bandgap edge we write:

yg(Kx) Aw(kj—H—O wpc.1(Kx, w/2) + Aw(Ky). (6.76)
In the limit when the guided mode is close to the lower edge of the fundamental bandgap,
only the term m = 1 in (6.74) will contribute significantly to the sum. Therefore, in this
limit, (6.74) can be simplified as:
w/a 1m’
1 ¢1 /a+8Ky Wkgr?z/amky K,

Pk )0 2onc. 06 7/2) ) )Rt + (o) 5K2

(6.77)
Assuming slow functional dependence of ¢;, and Wé’m;,k; with respect to ky, for
m’ =1, k{ = 7/a we get:

w/a
¢1 7T/aka w/a,w/a d(éky)
Aw(kx)—>0 2wpc 1 (Kx, /) n Aw(Ky) + [y (kx)| 0k3

@1.7/a

é1, ”/aWk Jr/a,m/a
Aw(kx)ﬁOZ,/Aw(k V1 Ky IwPCl(kx,n/a)

which finally results in the following perturbative expression for the modal distance from
the lower bandgap edge:

(6.78)

2
Wk
Aw(ky) = r/an/a ~ (eq —€a). 6.77
( X) (2 /|y(k |wpc 1(kX7 j.[/a) Sd—>sa( d a) ( )

Point defects

A point defect can be realized by introducing a localized perturbation of a dielectric
constant into a perfectly periodic photonic crystal. As an example, a resonator is created
when the dielectric constant of a single rod is perturbed from its original value in a
photonic crystal lattice (Fig. 6.18). When one of the unit cells in a photonic crystal is
different from the rest, periodicity is destroyed in all directions, therefore there isno Bloch
wavenumber to label resonator modes, and the only conserved parameter remaining is
frequency.

The only band diagram possible in this case is a line along the frequency direction
featuring a continuum of delocalized states in a photonic crystal, interrupted by complete
bandgaps (Fig. 6.19). When perturbation is introduced into a photonic crystal lattice, the
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Figure 6.18 Schematic of a resonator in a 2D photonic crystal lattice. A point defect is introduced
into a periodic lattice by modifying the dielectric constant of a single rod. As the periodicity in
both X and ¥ directions is destroyed, no Bloch wavenumber can be used to label the modes.
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Figure 6.19 For the case of a point defect, bulk states of a surrounding photonic crystal cladding
can be presented using projection of a complete band diagram w(ky, ky) of a perfectly periodic
photonic crystal onto a frequency axis. The inset shows the field distributions E, at the band
edges of a complete fundamental bandgap. Example of r, = 0.38a, ¢, = 9.0 suspended in air
ep = 1.0. When a defect is introduced, a localized state appears inside a complete

bandgap.

resonator mode will be pulled into the bandgap from one of the bandgap edges. Unlike
the case of a line defect, for a point defect state to exist, the presence of a complete
bandgap in the surrounding photonic crystal cladding is essential. In what follows, we
start by presenting a plane-wave expansion method to find modes localized at a point
defect. We then present a numerical study of the states of a resonator created by changing
the dielectric constant of a single rod in the otherwise perfectly periodic lattice of the
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dielectric rods in air. Finally, for the case of a small refractive-index contrast between the
resonator rod and the rest of the dielectric rods in the cladding (weak resonator), we use
perturbation theory to find the separation of a defect state frequency from the bandgap
edge as a function of the refractive-index contrast.

Plane-wave method for a photonic crystal with a point defect

We start by developing a plane-wave method to compute localized states of a resonator.
Uniform cladding comprises a square lattice of rods with dielectric constant e, and radius
ro. The lattice period is a. A resonator is formed by replacing a single rod with a different
rod of dielectric constant 4 and radius rq as demonstrated schematically in Fig. 6.18. All
the following derivations are made for the TM-polarized mode, while derivations for TE-
polarized modes are the subject of Problem 6.3. Based on the symmetry considerations
of Chapter 2, the general form of the electric field vector of a TM-polarized mode will be
E = (0,0, E;.,,..(X, ¥)). Using continuous Fourier transforms in the X and ¥ directions,
the electric field can be rewritten as:

+00 +00
Eioe(r) = /dkx dkyEz,wres(k)exp(ikr)=/dkEme(k)exp(ikr)

k = Ke& + Ky 9. (6.78)

A more convenient form of (6.78) is in terms of the integral over the first Brillouin
zone (FBZ) only:

SNOEDY / dkE,(k + G)exp (i(k + G)r)
G

FBZ
_ _ _ 2 _ 2
G = Dby Py +byPy; by = ?nf(; by = ?”9; (Px, Py) C integers
o . T
k=k&+k: (ke ky) C (—g, 5) . (6.79)

The inverse dielectric function of a resonator in a uniform photonic crystal lattice can
be written as:

%Z%_}_(é—%)¥8a(r—R)+<é—é>sd(0

_JLIr=Rl=ra, _ )Ll =g
Sa(r—R) = {O, Ir—R|>r,’ Sa(r) = {0, Ir| > rq
R=aP&X+aP,y; (Px, Py) C integers. (6.80)

Note that for the case of a resonator, the dielectric function (6.80) contains three terms.
The first term is constant, the second term is periodic in both the X and ¥ directions,
and the third term is a localized function. Using both discrete and continuous Fourier
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transforms, the inverse dielectric function (6.80) can be presented as:

! _1, (i - i) gj Sa(G) exp (iGr)

s e

€a Ep
1 1 a \2
-z 2 [ dksg(k + G)exp(i(k + G
+ (= €a>;(2n) [ dksatk-+ yexp it -+ G
FBZ
3(IGIra). J(k+Glre) . wr2, mrg
Sa(G):Zfaw,Sd(k—FG):Zde, a:a_za, fd=¥
I
G =DbyPy +DbyPy; by = ?”x by = ?”9; (Py, Py) C integers
~ ~ T T
k = ke% + Ky 9 (y. ky) © (—g, g) . (6.81)

Substituting (6.79) and (6.81) into Maxwell’s equations (6.8) written in terms of only
the electric field w?E = 1/&(r) - V x (V x E) we get:

Ohs Y f dk'E, (K’ + G') exp(i(k' + G)r)

res
G ka7

1 l l H "
= [_ + <— - ;) ; Sa(G")exp (iG"r)

&p €a

1 1 a 2 1! 1! 14 H 1! 14
+ (5 - g> ; <E) / dk”Sq (K" + G") exp(i(K” + G )r):|
FBZ
x {Z [ dK'E,(K + G') |K + G| exp(i(K + G/)r):| . (6.82)
G rz

Multiplying the left- and right-hand sides of (6.82) by ﬁ exp(—i(k + G)r), integrat-
ing over the 2D vector r, and using the orthogonality of the 2D plane waves in the
form:

/ drexp(ikr) = 5(K), (6.83)

o0

1
(27)?
we get:

res
G rBz
1 / / 4 / /2 / /_ _
_g;/dkEz(k +G)|K+G|8(K+G —k-G)

w? Z/dk’Ez(k’—i—G/)é (K +G —k-G)

FBZ

1 1
+<; — 5);; / dK'E;(K +G)Sa(G") [K + G'[*5 (K +G' +G" —k—G)
FBZ
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+(i—i) (%)ZZZfdk’/dk”EZ(k’+G’)Sd(k”+G”)|k’+G’|2

o fa G C'rgz Bz
x3(K'+G' +K'+G"-k-0), (6.84)
and finally:
2 1 2 1 1 , , 2
Ores B2 (K+G)=ZBa(k+ C) [k+GI" + | = — = Y Ey(k+G)S:(G—G') [k+G/|
G/
1 1 a\2
+ <— - —) (—) Z / dK'E, (K + G)Sy(k — k' +G — G') |k/ + G/|2
& €a 2 T,
h Y ’ YA N s Y 2w . — 27 .
G:bex"‘byPy;G =bXPX+byPy;bX=?X; byzgy'

(Px. Py, Py, Py.,) C integers
e e / & IXe ) / ’ T Y
k=keX+ky§; K =K&KHKF: (keo ky K kL) © (—g, 5). (6.85)

Equation (6.85) constitutes an eigenvalue problem with respect to the square of a
modal frequency w2,. To solve (6.85) we discretize the 2D integral over K’ in (6.85).
Thus, choosing:

prGprG = BX PXG +Ey PyG, G/prG,py/G = EX P):G +ByP§G BX = 2?71)’2, Ey = 2?7[5\/,
(PE. P2, P, PC,) = [-Ng, N¢]
Kpp.pi = 31 PXR+ ST PV K ppopp = 31 PEX+ PV
(6.86)
and using a trapezoidal approximation for the 2D integral we finally get a system of
(2Ng + 1)?(2Ng + 1)? linear equations:

1 2
wfesEz(kPXk,Pyk + Gpgs pe) = g—bEz(kPXk,P; + GPXG,PVG)|kPXk,Pyk + GPXG,PYG|

11 /
i (_ - _> Y. Exlkeppy +G'pe.ppe)

& &
& DS R[N Ng]
P/S =[Ny, Ng]

2
xSa(Gps.pe — G'pe.pe) |Kpp.ps + G'pe prs |

11 1\? , ) ,
+ (— - g) (2_Nk> Z E:(K'px.pjc + G'pe pe )W (K px pye)

&d
P =[—Ni,Ni]
Py =[Ny, Ne]
P =[-Ng.Ng]
Py =[—Ng.Nq]

2 (6.87)

/ / / /
X Sd(kPXk,Pyk + prquyG -k Pi.PJ — G p;G,p;G)|k Py K +G PLC. P
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Figure 6.20 Localized states of a point defect in a 2D photonic crystal. Frequencies and field
distributions of the resonator modes are presented as a function of a resonator rod of refractive
index nq. The resonator is created in a square lattice of rods r, = 0.38a, ¢, = 9.0 suspended in
air, e, = 1.0, by changing the dielectric constant of a single rod to &4. For the lower-index defect
&4 < &g, the resonator state is a singlet bifurcating from the lower bandgap edge. For the higher
index defect &4 > &5, resonator state is a doubly degenerate mode bifurcating from the upper
bandgap edge.

where the weighting function w(k/px/kﬂk) for the trapezoidal integration rule is defined
as:

L (P # N N ([RSF] # NW)
W(K'pe pp) =1 172, ([P = Ni) 0 ([P] # Ni)) U (([P] # Ni)) 0 ([ Py*] = Ni)).

1/4, (IPE] = Ni) 0 (| Pyf|=Ni) 659)

Example of a localized resonator state

In what follows we study localized states of a resonator created in a square lattice of
dielectric rodsr, = 0.38a, g5 = 9.0 suspended in air, e, = 1.0. The resonator is formed
by replacing one of the dielectric rods with a rod of the same radius but different dielectric
constant eq # e5. In our numerical solution of (6.87) we use 9801 plane waves Ng = 5,
Nk = 4. In Fig. 6.20, the frequency of a resonator state is presented in the first photonic
bandgap for various values of the resonator rod refractive index nq. Note that for a
low-refractive-index defect, the resonator state bifurcates from the lower bandgap edge,
while for the high-refractive-index defect, the resonator state bifurcates from the upper
bandgap edge. Core-guided modes appear for the defect of any strength (measured as
leg — e51]), as long as &g is different from e,.

For the low index defect eq < €4, the resonator state is a singlet bifurcating from
the lower bandgap edge (the left part of Fig. 6.20). The field distributions at points
(A') and (B’) are similar to the field distribution of the mode of a perfect photonic
crystal at the M symmetry point (see Fig. 6.15). The field distribution at point (B’) is
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localized more strongly at a defect site than the field distribution at point (A"). This is
easy to rationalize as point B’ is situated deeper inside a bandgap than point A". For the
high-index defect &4 > &4, the resonator state is a doubly degenerate mode bifurcating
from the upper bandgap edge (the right part of Fig. 6.20). The field distributions at
points (A) and (B) are similar to the field distribution of the mode of a perfect pho-
tonic crystal at the symmetry point X,. The field distributions for the other degenerate
modes are related to the ones shown in Fig. 6.20 (right) by a 90° rotation, and are sim-
ilar to the field distribution of the mode of a perfect photonic crystal at the symmetry
point X5.

In the above-mentioned example, a defect is introduced into the infinitely periodic
photonic crystal lattice. In this case, the photonic bandgap of a surrounding photonic
crystal completely suppresses radiation loss from the resonator site. In the absence of
material losses, the lifetime of a resonator state is infinite as it is a true eigenstate of a
Maxwell Hamiltonian. In the density-of-states diagram, the resonator state is defined by
a delta function located inside the photonic bandgap. Experimentally, photonic crystal
cladding is finite and material loss is not negligible, thus leading to the finite lifetime of
a resonator state due to irradiation and absorption. In the density-of-states diagram, such
a state is no longer characterized by a delta function, but rather by a peak of finite width,
which is inversely proportional to the lifetime of a defect state. Of special interest are the
high-quality resonators that support localized states with lifetimes that are considerably
longer than the period of a corresponding oscillation frequency. Such resonators are
typically used to filter a narrow frequency band from the wavelength multiplexed signal,
or to enhance a light-matter interaction (due to the considerable lifetime of a trapped
photon) for nonlinear optics and lasing applications. In the other extreme, several low
quality resonators can be coupled to each other in a chain, resulting in filters with complex
frequency response, optical delay lines, and slow light devices.

Bifurcation of a resonator state from the bandgap edge; perturbation
theory consideration

In the limit of low-refractive-index contrast between the resonator and photonic crystal
cladding g4 > &,, as seen from Fig. 6.20, the resonator mode bifurcates from one of the
edges of a bandgap. In this section we will use perturbation theory to find the functional
dependence of the distance of a resonator mode frequency from a corresponding bandgap
edge as a function of the refractive-index contrast. As before, we consider the case of
low-refractive-index contrast |eq — £3]/eq4 <K €a/¢b-

We now develop the perturbation theory to describe bifurcation of weakly localized
modes from the bandgap edge of a perfectly periodic photonic crystal. As in the case
of a photonic crystal waveguide, we start with the orthogonal set of modes of a per-
fect photonic crystal cladding satisfying the Hermitian eigenvalue equation (6.10), and
characterized by the band number m, and a Bloch wave vector ky, ky.

The dielectric constant of a resonator can be considered as a perturbation of the
dielectric constant of a uniform photonic crystal. In this case, the waveguide Hamiltonian
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